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ABSTRACT
The following chapters give details of the 
construction of a new equivalent circuit for induction 
motors used in variable and modulated frequency supplies 
and one of its advantages for the determination of the 
additional losses in the machine due to harmonic 
frequencies.
Chapter 1 includes the aim of the work and briefly 
explains the reason for obtaining such a model and its 
applications.
In Chapter 2 the technique of constructing the new 
equivalent circuit is given. This is done as follows. 
With the aid of a digital computer and circle fit tech­
nique the frequency responses of the open and short 
circuit test results taken at various supply frequencies 
are used to find the values of the new equivalent circuit 
parameters. The new equivalent circuit takes care of the 
parameter changes arising from different supply frequen­
cies and produces the correct input and output perform­
ance characteristics. The new equivalent circuit also 
produces the exact responses for mixed and modulated 
frequencies.
In Chapter 3 the new equivalent circuit is analysed 
and performance equations are derived. This enables 
changes in the performance characteristics at different 
supply frequencies to be calculated directly from the 
performance equations.
Using a digital computer the non-linear model of 
the induction motor is constructed from the test results 
for variable speed applications. The magnitude of the 
errors introduced in calculating the machine's performance 
characteristics are determined using the linear model in 
the non-linear region. Their magnitude becomes greater 
with the increasing value of the rotor speed or the 
supply frequency.
An accurate torque speed plotting machine for 
extremely high speed induction machines is designed and 
constructed. Highly accurate results are achieved by 
sensing the rotor torque and speed without any physical 
contact with the rotor.
In Chapter 4 the Fourier series analysis is used 
to analyse and derive the output harmonic contents of 
two popular types of inverter. The additional losses in 
the machine due to these harmonic frequencies of both 
inverter types are determined and compared. The new 
equivalent circuit is used to determine the magnitude of 
the errors induced in the calculation of these additional 
losses if the standard equivalent circuit is used.
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CHAPTER 1
OBJECTS OF THE THESIS
1.1 Introduction
After the announcement of the silicon controlled 
rectifiers in the late 1950's, attention was immediately 
focussed on the application of this device in the power 
inverters for variable speed drives. One area of the 
application was speed control of induction motors 
normally classified as constant speed drives.
Before the arrival of the power SCR's, induction 
motors were designed to run from constant frequency 
supplies, although the Ward Leonard system was employed 
in some cases. Thus an equivalent circuit is introduced 
for constant frequency applications. This equivalent 
circuit can easily relate the output characteristics of 
the motor to some small number of identifiable circuit 
parameters at the design frequency. The circuit para­
meters are normally determined at the design frequency 
and do not necessarily represent the exact behaviour 
of the machine with other supply frequencies.
The main object of this thesis is to investigate 
the behaviour of the circuit parameters with different 
applied frequencies. This investigation is not 
introduced to aid the design of induction motors for 
variable speed applications. It is designed to point 
out the changes in the circuit parameters arising from 
different applied frequencies and to give a simple 
technique of modifying the standard equivalent circuit
— 2 —
model into a frequency dependent form, which will 
represent the exact behaviour of a given motor at any 
applied frequency. A three-phase, three horsepower 
induction motor is used as an example to illustrate 
the proposed method.
The effect of non-linearities on the performance 
characteristic and technique of modelling them from 
test results is also investigated. The errors intro­
duced in the performance characteristic using the linear 
model in this region are determined and given. A 
similar analysis of the standard equivalent circuit is 
aoDlied to the new frequency dependent model to derive 
the performance equations. One of the applications of 
such a model in determining the additional losses due to 
harmonic frequencies is allowing the efficiency of any 
type of inverter to be calculated.
1.2 Effect of Frequency Variation on the Circuit 
Parameters
From an inverter designer's point of view, the 
equivalent circuit parameters must represent all the 
required characteristics with any applied frequency.
Two different experiments are set to find out these 
parameter variations.
(a) The standard equivalent circuit parameters 
are determined at various supply frequencies, using 
the standard locked rotor and light running tests. The 
locus diagram of the magnetising branch parameters is
— 3 —
plotted. Then, the circle fit technique is employed 
to form an RL network to represent the behaviour of 
the magnetising branch at any applied frequency. Also 
with the aid of a digital computer similar forms of RL 
networks are found to replace the primary and secondary 
reactances. During the process of searching for the 
equivalent RL networks, the exact ratio of primary and 
secondary leakage reactances are determined.
(b) The second experiment is set to determine 
the relationship between modulation frequency and 
equivalent circuit parameters. A known modulation 
frequency is injected into the line current. The 
injected frequency is then varied and the response of 
the circuit parameters to this frequency alone is 
observed, with the machine operating under various load 
conditions. The technique employed to inject the modula­
tion frequency and determine the parameter variations is 
fully detailed in Chapter 2, Section 6.
From the results of the above investigations a
linear equivalent circuit model is constructed.
1.3 Effect of the parameter variations and voltage 
saturation on the performance characteristics
In order to investigate the effect of changes in
the parameters with different supply frequencies on the
performance calculations, the new equivalent circuit is 
analysed and performance equations are derived. With 
the aid of a digital computer the performance character­
istics are computed from these equations and compared
—4 —
with the experimental results. This confirms that the 
effect of parameter variations on the performance 
characteristics can be calculated directly from the new 
equivalent circuit.
All the experimental results are obtained by the 
design and development of an extremely accurate torque 
speed plotting machine. It is important to achieve 
highly accurate results, because the changes in the 
machine performance due to parameter variations are 
very small. Therefore the introduction of sizeable 
errors in the results would swamp the required variations. 
The effect of temperature rises during the acceleration 
of the load on the stator resistance is observed and 
accounted for on the computer program.
The non-linear model of the machine is also con­
structed to determine the magnitude of errors introduced 
in the performance calculations if the linear model is 
used. Various experiments are then designed to identify 
the nature of changes in the equivalent circuit para­
meters with voltage saturation. The results are used to 
produce the non-linear relationship between the parameters 
and applied volts-per-hertz and frequency. A digital 
program is developed which alters the values of the para­
meters according to the applied voltage, frequency and 
load condition. The torque speed characteristics are 
computed from the non-linear model when the applied volts- 
per-hertz is above the rated value. These characteristics 
are then compared with the linear model characteristics 
to determine the amount of reduction in the rotor torque.
-5-
The reduction in torque in the non-linear region is 
mainly due to the saturation of the machine's yoke and 
it becomes greater when the rotor speed approaches the 
synchronous speed and also with higher values of the 
supply frequencies.
1.4 Determining the exact additional losses in the 
induction motors due to harmonic frequencies
The output waveform of the inverter supplies 
contains the fundamental frequency plus additional 
switching frequencies. The fundamental voltage sets the 
main energising current through the machine. The 
harmonic voltages set additional currents through the 
windings resulting in additional losses in the form of 
heat or pulsation torques which are damped out by the 
load inertia. With higher orders of the harmonics the 
relative rotor slip approaches unity. Therefore the 
majority of the additional losses are dissipated in the 
form of heat in the resistive part of the machine. Only 
a small portion of these losses are converted to mechan­
ical power. The magnitude and sign of these harmonic 
torques depend on the order of the harmonics. The stan­
dard equivalent circuit is normally used with various 
assumptions to determine these additional losses. This 
introduces errors which become especially large with 
higher orders of the harmonics. This is because the 
resistive and inductive part of the machine no longer 
remain constant. The resistive part bejcomes larger and 
the inductive part becomes smaller with the higher applied
—6 —
frequencies. In this way the changes in the load imped­
ance produce higher additional losses at higher harmonic 
frequencies compared with those obtained from frequency 
independent loads such as the standard equivalent circuit. 
Therefore the new equivalent circuit no longer has this 
drawback and produces the exact figures at any frequency.
The Fourier series analysis is applied to analyse 
the output waveforms of two popular types of inverters.
The additional harmonic losses are then calculated, 
firstly by employing the standard induction motor equiva­
lent circuit as the load, and secondly by employing the 
new equivalent circuit. The difference between the two 
sets of results gives one of the advantages of the new 
equivalent circuit for determining the realistic figures. 
Finally Fourier series analysis is applied to compute the 
efficiency of two popular inverters operating under the 
same conditions, for example running from the same supply 
rails, producing an equal number of pulses per cycle, the 
same fundamental frequency output and delivering equal 
amounts of power into the load.
All the efficiency calculations are based on the 
magnitude of additional harmonic losses only. The losses 
in the inverter system such as switching losses in the 
power devices, commutation networks etc. are not con­
sidered, because these losses have no relation to the 
nature of the load when delivering a given amount of 
output power.
CHAPTER 2
THE CONSTRUCTION OF AN EQUIVALENT CIRCUIT FOR INDUCTION 
MOTORS USED WITH VARIABLE SUPPLY FREQUENCY, INCLUDING 
INVERTER-FED APPLICATIONS
Summary
In this chapter the effect of changes in the supply 
and modulation frequencies on the induction motor 
equivalent circuit parameters are identified. Using a 
circle fit technique, the frequency responses of the 
short and open circuit test results are used to determine 
the frequency dependent RL networks and hence construct 
the new equivalent circuit for variable speed applica­
tions. This equivalent circuit produces the exact 
responses for mixed and modulated frequencies. The 
errors involved in the performance calculations, using 
the fixed frequency equivalent circuit in variable 
frequency applications, are also given.
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2.1 Introduction
Since the introduction of the induction motor
equivalent circuit for constant frequency applications,
all the design data and performance equations have been
based around its parameters. The standard induction
motor equivalent circuit is shown in figure 2 .1 . If
each phase of a polyphase induction motor is identical,
then the equivalent circuit is taken to represent one
such phase. Most standard electrical machine text 
2 1
books * , develop the performance equations from the 
standard equivalent circuit; although the simplified 
equivalent is often used. Many other complex equiva­
lent circuits 2 .2 ,2 .3,2 .4^ have been developed to allow 
for all the space harmonics present in the motors.
In variable speed applications, the equivalent 
circuit parameters are assumed to remain constant and 
their values are obtained at the designed supply 
frequency 2.5,2.6  ^ (5o Hz in the U.K.). These fixed 
parameters are then used to obtain the necessary design 
and performance data over the operating frequency range 
In fact, the equivalent circuit parameters are 
frequency dependent, so that using them as fixed values 
at any supplied frequency will result in some errors in 
the calculated characteristics. The magnitude of these
— 8—
errors depend on the frequency deviation. Changes in
the machine parameters with supply frequency are well
2 7 2 8known, and mainly occur in the rotor circuit * ' ' .
Errors introduced in the starting torque are especially
noticeable because the rotor frequency isj at its maximum
and reduces as the rotor accelerates. Their values at
any supply frequency can be calculated by knowing the
2 1machine geometry as represented in ALGER * .
The engineers who are involved in designing control 
systems for variable speed induction motors are not 
usually familiar with machine design. They base all 
their control laws around the induction motor equivalent 
circuit model which produces correct characteristics at 
all supply frequencies and which can easily be constructed 
from simple tests on the motor itself. This thesis represents 
a technique of obtaining such a model from open circuit and 
short circuit test results, taken at various supply frequencies
The open circuit results are used to construct the 
complex frequency response of the magnetising branch 
elements for a given applied volts per hertz. Short 
circuit results are used to construct the complex 
frequency response of the input impedance for the locked 
rotor condition. With the aid of a digital computer, 
circle fitting and other search techniques are used to 
determine the elements of the new equivalent circuit 
shown in figure 2.2. The parallel resistors shown across 
the leakage reactances do not have any physical meanings, 
but are used to alter the primary and secondary impedances
“9 —
with supply frequency. A further advantage of this new 
equivalent circuit is that it produces the correct 
characteristics for modulated waveforms as well as a 
main supply frequency.
That is, the new model not only produces all the 
correct values of the parameters at any supply frequency, 
but also produces all the necessary changes in the 
impedances for any superimposed modulation frequency.
2.2 The Induction Motor Equivalent Circuit
In order that the motor can be treated as one 
entity the equivalent electric circuit is then introduced. 
The electrical equivalent circuit of an induction motor 
is an electrical network that represents the electrical 
and magnetic circuit of the motor.
Many assumptions have been adopted with regard to 
equivalent circuit parameters. One such assumption is 
that the equivalent circuit parameters are constant and 
are not slip dependent. Other assumptions are that the 
stator resistance and magnetising branch losses can be 
neglected. The output of an induction motor can be 
defined in terms of its diameter and length. The relation­
ship between these dimensions and its output will depend 
on how the motor is rated. Because of the correlation 
between equivalent circuit parameters and performance 
characteristics of an induction motor, the per unit resist­
ance and reactance of an induction motor become very 
important in terms of output performance. A relationship
— 10—
between the motor size, per unit resistance and react­
ance can be established, and hence any assumptions on 
the neglect of equivalent circuit parameters have to
be made with regard to the size of the motor in
2.9question
As the physical dimensions of the induction motor 
largely dictate the type of characteristics it will 
present; three groups of induction motors are described, 
related according to their characteristics and diameter,
(i) Large Power Induction Motors These motors 
are designed to operate at high efficiences 
with low magnetising currents, hence the reduction of 
iron losses leading to a value of large enough to be 
ignored. With large diameter motors the series stator 
impedance is mainly inductive. The stator resistance 
may be neglected since it is small compared with the 
stator leakage reactance.
(ii) Medium and Fractional Horsepower Motors
Between the large power induction motors and 
the very smallest of miniature induction motors lie the 
medium and fractional horsepower motors. These motors 
are not capable of high efficiencies. Because of their 
size, the resistive elements of their impedances cause 
high copper losses and hence lower efficiencies* For an 
approximate analysis, R^ may still be neglected, although 
the stator resistance must be included in all but the 
most superficial of investigations.
— 11 —
(ill) Subminiature Induction Motors Among the 
dimensionally smallest of induction motors 
are the subminiature induction motors often used in 
servo-systems. The assumption of infinite may be 
sufficiently accurate for most purposes, but because of 
its size the stator resistance must now be included.
Stator leakage reactance is also small compared to 
stator resistance.
One of the advantages to be gained from using the 
equivalent circuit is that the output characteristics 
of a motor can be related to a small number of easily 
identifiable circuit parameters. An alteration to the 
electric or magnetic circuit of an induction motor can 
be related to one or more of the equivalent circuit para­
meters. In turn these will alter the performance 
characteristics of the motor. For example, an increase 
in the length of the airgap of an induction motor will 
decrease the magnetising reactance, producing a higher 
magnetising current and a lower power factor. At the 
same time the stator and rotor gap leakages are decreased 
causing a corresponding increase in starting torque and 
current coupled with an increase in pull out torque.
Because both the stator and rotor usually have
slotted boundaries there will be non-uniformity in the
airgap flux and space harmonics will be present. In
order to allow for all the space harmonics present in the
2.2 2 3 2 4motor, several authors ' ' ' ' , have presented complex 
equivalent circuits based on a ladder network. Although 
computers can largely solve the problem of the manipula-
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tion of the large matrices involved, it becomes increas­
ingly difficult to relate any circuit parameters to a 
physical or real quantity. The circuits become more 
complex if time harmonics are also considered, as each 
time harmonic is responsible for numerous space harmonics.
In a design office, induction motor design engineers 
have a standard design available and in order to meet a 
particular requirement will alter the dimensions of a 
motor until this requirement can be best met This
technique requires a combination of trial and error, and 
experience. An alternative method is to replace the
lengthy error method by a computational direct search 
2 11technique * . This entails feeding the required motor
characteristics into a computer program and thereby
obtaining the necessary mechanical and electrical para-
2 12meters to achieve that performance * . In such a
method it would also be possible to allow for extra
constraints, such as the use of standard frame sizes and
wire gauges, or to allow for various economic variations
(eg. the price of copper) therefore producing a realistic 
2 13design * . These constraints will vary not only between 
manufacturers but also with market price fluctuations.
Although the use of direct search techniques in the 
design of induction motors is not new 2.14,2.15^ the
majority of methods contain an optimum design for a given
^ 2.16 performance
If the equivalent circuit is kept as simple as 
possible and the number of equivalent circuit parameters 
kept as small as possible, then any change in the actual
—13-
machine can easily be related to the output character­
istics via the circuit parameters. In this way a mathe­
matical model that relates the physical motor quantities 
to the output characteristics can be defined.
2.3 Measurement of Experimental Results
The changes in the equivalent circuit parameter 
with frequency are very small, therefore all the neces­
sary precautions are taken to obtain the true readings.
In order to achieve this, all the readings are taken with 
the machine at its normal running temperature (45°C). 
Furthermore all the apparatus used in the experiments 
are checked for correct readings within the frequency 
range. The majority of standard equipment is designed 
and calibrated for 50 Hz supply systems, and outside this 
frequency range the readings are likely to be inaccurate. 
The method used to examine the meter readings is given 
in Appendix A, part one. The following three standard 
tests are used to obtain the required results.
(i) D.C. Test A d.c. current equal to the motor 
rated is set through one of the motor phase 
windings via a d.c. source. The d.c. voltage and current 
are then used to determine the stator resistance (R^).
(ii) Open Circuit Test The rotor of the machine 
is kept at synchronous speed by means of 
another motor. The three phase supply voltage is set to 
its rated volts per hertz. The determination of the 
rated value of the applied volts-per-hertz of this
“14-
particular machine is given in Appendix A, part two.
The total input power and current are then measured 
with various supply frequencies.
(iii) Short Circuit Test The rotor of the machine 
is locked such that it cannot rotate. The 
line current is kept at its rated value and total input 
power and phase voltage are measured with various supply 
frequencies.
The results obtained from the above three tests 
are used to calculate the values of the equivalent 
circuit parameters. The calculations and formulae are 
given in Appendix A, part two (A.2.2).
2.4 Evaluation of the Magnetising Branch Parameters 
for Variable Speed Applications
The parallel or series form of the magnetising 
elements represented in the well known standard equiva­
lent circuit is normally determined at a given supply 
frequency. This simple form generally represents the 
complex networks of the magnetising elements. The 
resistive part mainly represents core losses. Such 
losses consist of hysteresis and eddy current arising
from changing flux densities in the iron of the machine
2 17in both stator and rotor when energised ’ . Eddy
current loss is dependent on the squares of flux density, 
frequency and thickness of the laminations. Under normal 
machine conditions, it may be expressed to a sufficiently 
close approximate as;-
P e  =  K e ( B m a x - F - t ) '  — ( 2 . 1 )
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where is a constant, its value depends on the units, 
volume and resistivity of the iron. Hysteresis loss 
can be expressed in equation form only on an empirical 
basis as;-
—  (2-2)
where n ranges from 1.5 to 2.5 with the value 2.0 often 
used, and is constant depending on the characteristics 
and volume of the iron and units used. These losses are 
flux and frequency dependent. In variable speed applica­
tions the magnitude of the flux density remains almost 
constant when the machine is operating under given 
applied volts per hertz. Thus, it is evident that the 
evaluation of the magnetising branch parameters at a 
particular supply frequency can no longer be applied at 
other supply frequencies.
To obtain the frequency dependent equivalent net­
work, the open circuit results at various supply 
frequencies can be used to plot the complex frequency 
response of the magnetising parameters. The curve fitting 
techniques can be employed to search for some form of RL 
networks which have the same frequency response. The 
determined new network will represent the exact values 
of the magnetising parameters at any supply frequency for 
a given volts per hertz.
2.4.1 Experimental Results
A three horsepower, high speed, three phase 
induction motor is used to produce the required experi­
mental results. The open circuit results (rotor running
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at synchronous speed) are taken with a given applied
volts-per-hertz at various supply frequencies up to
400 H z . At each step the rotor is driven into its
synchronous speed by means of another motor. From
these results the values of R and X at each step ofm m
the supply frequency are calculated and plotted in 
figure 2.3. It is evident that this complex frequency 
response shown in figure 2.3 belongs to a simple parallel 
RL network. The inductive and resistive parts of this 
RL network can easily be calculated by using a circle 
fit technique. Full details of the circle fit technique 
are given in Appendix A, part three. The frequency 
response of this RL network is also plotted and shown 
in figure 2.3, confirming the true representation of the 
magnetising branch parameters at any supply frequency
for a given applied volts per hertz.
2.5 Evaluation of the Primary and Secondary Equivalent
Circuit Parameters for Variable Speed Applications
The leakage reactance of the induction motor
2 1consists of eight distinct components * .
(a) The primary reactance.
(b) The secondary slot reactance.
(c) Stator-end-winding leakage.
(d) Stator-end-ring leakage.
(e) Stator differential leakage.
(f) Rotor differential leakage.
(g) Stator reactance due to skew.
(h) Rotor reactance due to skew.
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The primary and secondary leakage reactances are a
composite of the above components. Due to the complex
construction of squirrel-cage induction motors, the
rate of change with frequency in the inductive and
resistive parts of the rotor circuit will be greater
than the stator elements. The change in the rotor
resistive part is much larger because the deep bar
effect forces the current to flow towards the rotor
surface. In other words if the squirrel-cage rotor
circuit is represented by a series of "n" identical
2 18mutually coupled loops ‘ , the equivalent inductive
and resistive parts of such a complex mesh will not 
remain constant at varying supply frequencies. The 
variation in the stator parameters arising mainly from 
skin effect is slight and can be neglected in many 
applications. The results obtained from the standard 
short circuit test (locked rotor) at various supply 
frequencies contain the variations of all the primary, 
secondary and magnetising branch parameters. Therefore, 
it is not easy to determine their equivalent RL networks 
directly from the short circuit frequency response with­
out the aid of a digital computer and by the use of 
various assumptions. These assumptions are given in full 
detail in the following section.
2.5.1 Program Description and Experimental Results 
A digital program is designed and developed to 
compute the input impedance of the new equivalent circuit 
model in real and imaginary numbers. The program is
— 18“
initially supplied with the following data.
(a) The values of the magnetising branch para­
meters obtained from circle fit technique.
(b) All the short circuit test results taken at
various supply frequencies.
(c) The value of the stator d.c. resistance.
The flow diagram of this search technique is
shown in figure 2.5. The values of the parameters, 
obtained from this technique for the motor under experi­
mentation are also given in figure 2.2. These values of 
the new equivalent circuit parameters confirm that the 
changes are mainly occuring within the secondary circuit.
A reasonably close model can also be constructed 
without the aid of a digital computer. This can be done 
by assuming that the impedance of the magnetising branch 
parameters is very large compared with primary and 
secondary parameters obtained from short circuit tests 
and can be neglected in this particular test. The stator 
parameters can be assumed to have negligible frequency 
variations. The ratio of the primary and secondary 
leakage reactances can also be determined according to
their starting torque characteristics from published
2.19
tables * , or the rotor can be removed and search coils
can be inserted in the stator slots. Then the components
of the stator leakage reactance can be determined by
simply energising one of the phases of the machine and
2 20observing the voltages induced in the search coils 
This allows the secondary circuit parameters to be
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separated from the test results and plotted on a complex 
frequency axis. The value of the rotor series resist­
ance and leakage reactances and its parallel 
resistance RP^ can be calculated (by use of circle fit 
technique). Using these assumptions, the secondary 
parameters of the machine under experimentation are 
separated and shown in figure 2.6. However, the digital 
search technique has the advantage of giving greater 
accuracy and the ability to calculate the ratio of 
to X^ from the data.
2.6 Application of the New Equivalent Circuit for 
Superimposed Modulation Frequencies
Up to this point the supply frequency only has 
been considered in the construction of the new equiva­
lent circuit. In this section the validity of such a 
model for superimposed frequencies is examined. The 
standard equivalent circuit used for induction motors 
is usually obtained at one frequency only. The applica­
tion of this model in determining the design figures for 
inverter systems could result in serious errors. 
Advancements in semiconductor technology have resulted 
in the design of inverters with much higher switching 
frequencies. The changes in the equivalent circuit para­
meters with high switching frequencies can no longer be 
ignored since they cause errors in many design figures, 
eg. calculating losses, efficiencies and machine time 
constant etc.
—20“
The amplitude of the current harmonics resulting 
from switching frequencies are much smaller than the 
current at the main supply frequency. In particular 
the magnetising branch currents are so small that they 
can be neglected. When the modulation frequency is very 
high compared with the supply frequency, the relative 
rotor slip remains almost at unity. However, when the 
modulation frequency approaches the main supply frequency, 
the relative rotor slip cannot be taken as unity. Its 
value varies according to rotor speed and can be pres­
ented as:-
F - F
\  —  (2.3)
m
where F and F are the modulation and rotor frequencies m r ^
respectively and is the corresponding value of the 
slip.
2.6.1 Experimental Results
The line currents of the machines fed from inverter 
supplies contain the main frequency and all the harmonics 
of the switching frequencies. A technique of modulating 
one of the lines of the machine is developed to investi­
gate the changes in the equivalent circuit parameters 
with respect to each of these harmonic frequencies.
Modulation frequencies of up to 3 kHz are injected 
into one line while the motor is running with mains 
supply frequency (50 Hz). The current at modulation 
frequencies is then measured in the same line and used 
to observe the changes in machine parameters due to
-21-
these frequencies only. The technique developed to 
carry out the observations is given in full detail in 
Appendix A, part four.
A phase sensitive meter is used to measure the 
magnitudes and phase angles of the injected and 
extracted signals which are then used to calculate the 
complex frequency response of one of the phases of the 
machine. The experiment is repeated with several values 
of the rotor slip and the frequency responses are shown 
in figure 2.7. When the modulation frequencies are 
much higher than the main driving supply frequency the 
impedances are independent of slip but, as expected, the 
resistive part of the locus diagrams (complex frequency 
responses) are not identical when the modulation 
frequency approaches the main supply frequency. This 
is because at low modulation frequencies the relative 
rotor slip does not remain at unity... Thus secondary 
resistance becomes more slip dependent and varies with 
load conditions. The locus diagram of the input imped­
ance taken at one of the phases of the machine, using a 
phase sensitive meter for frequencies up to 10 kHz; and 
those computed from the new equivalent circuit are 
identical and are shown in figure 2.8. Figures 2.7 and
2.8 confirm that the new equivalent circuit model 
represents the exact behaviour of the machine parameters 
for superimposed modulation frequencies as well as the 
main supply frequencies.
-22-
2.7 Errors Introduced in the Performance Calculations, 
when the Fixed Frequency Equivalent Circuit is 
used in Variable Frequency Applications
The performance characteristics of the induction
machines are generally determined from the torque
2 21equation given in standard text books ' as;-
T =  (2.4)
where T = shaft torque,
m = number of phases, and 
1^ = current, in the secondary circuit.
Because of the changes in the machine parameters in 
variable frequency applications, the magnitude of (Ig) 
no longer remains constant, when the machine is 
operating with a given applied volts-per-hertz and load 
condition. The value of also varies with the supply 
frequency as shown in figure 2.6. In order to achieve 
the precise performance calculations, the values of I^ 
and R^ must be determined at the frequency of operation. 
This can be done directly from the new equivalent circuit 
model. Use of this model alters the parameter values 
according to the frequency of operation.
2.7.1 Comparison of Results
The starting and maximum torques are calculated 
from the standard equivalent circuit of the induction 
motor obtained using a supply frequency of 50 Hz and 
torque equation 2.4 of section 2.7. The applied volts- 
per-hertz is kept constant and frequency is varied from
—23—
50 Hz to 400 Hz inclusive. A similar performance 
equation for the new equivalent circuit is derived and 
used to calculate the starting and maximum torque for 
the same applied volts-per-hertz and frequency range.
The actual values of the starting and maximum 
torque are also measured experimentally for the same 
operating conditions. All three sets of results are 
plotted and shown in figure 2.9. This figure clearly 
shows the magnitude of the errors involved in the above 
performance figures, if the equivalent circuit of 50 Hz 
is used instead of the new variable equivalent circuit. 
The magnitude of errors depend on the frequency devia­
tion and rotor slip. But as the rotor accelerates, its 
frequency reduces and its parameters approach low 
frequency values. This results in a reduction in errors 
as the rotor speed approaches the synchronous speed.
The maximum torque characteristics are given in figure 9
2.8 Conclusions
It is shown that the new equivalent circuit model 
of the induction motor for variable supply frequency 
applications can be constructed from short- and open- 
circuit test results. The accuracy of the resultant 
equivalent circuit depends on the technique employed to 
replace the frequency dependent elements with equivalent 
RL networks.
It is also shown that the new model can be applied 
for both mixed and main supply frequencies. This is 
another advantage of using such a model for harmonic
-24-
analysis of any inverter type. The level of power dist­
ributed in each harmonic depends on the load impedance. 
As this model is able to produce the correct load imped­
ance at any applied frequency, it becomes a very 
important tool in determining and comparing the effi­
ciency of the inverters operating under the same 
conditions.
In speed control systems with large frequency 
deviations, the application of the fixed frequency 
equivalent circuit results in serious errors in the 
performance calculations. When the equivalent circuit 
parameters obtained at a lower frequency range are used 
to calculate the performance characteristics at the 
higher end, the magnitude of errors involved maximise, 
especially at unity slip. Errors reduce as the rotor 
accelerates towards the synchronous speed. The effect 
of high frequency on the rotor resistive part becomes 










































i i m m
2 2 £S° eoî
Ln o '—
csj o rn o o CNJ
CS) ON <N| CM ^  ^
I I  II I I II I I  I ,
s S n S à ^
o











































































































































LO 3  
m  LJ

























CD L i- 
CD
Input data
Calculate real and 










































































































































































































































/ 3lo c L
*Z3
c r/
*. OJ X LU
/ û : LU**
/ CL E CDZ
•• X o
/ üü C— E*. o
/ E OJ V»—o 3











































ro -4^ LJz: 0 0 -4—ro
Yî _ 1 ^ <
L 1 1 1 J_
un
%m cnÎ



































2.1 ALGER, P.L.: "The nature of induction machines",
(Gordon & Breach), New York, 1965.
2.2 LI, K.Y.G.: "Analysis and operation of an
inverter fed variable speed induction motor",
Proc. lEE, Vol. 116, No. 9, 1969, pp. 1571.
2.3 HANCOCK, N.N. and KARAKRADDI, B.H.; "The physical
realisation of induction motor equivalent 
circuits", Proc. lEE, Vol. 108, Part 16, 1961, 
pp. 145.
2.4 KLINGSHIRN? E.A. and JORDAN, H.E.: "Losses on
non-sinusoidal voltage sources", Trans. IEEE,
PAS Vol. 87, No. 3, 1968, pp. 624.
2.5 JAIN, C.G.; "The effect of voltage shape on the
performance of a three-phase induction motor",
IEEE Trans, on Power Apparatus and Systems",
PAS Vol. 84, June 1964, pp. 561-566.
2.6 JACOVIDES, L.J.: "Analysis of induction motor
drives with a non-sinusoidal supply voltage 
using Fourier analysis", Trans. IEEE on Ind.
App., Vol. lA-9, No. 6, Nov/Dec 19 73, pp. 741- 
746.
2.7 MURPHY, J.M.D.: "Thyristor control of a.c. motors".
Vol. 6, 1973.
2.8 LARGIADER, H . : "Design aspects of induction motors
for traction applications with supply through 
static frequency changes", (Brown Boveri), 57,
152, 1970.
2.9 BONE, J.C.H. and SCHWARZ, K.K.; "Large a.c. motors",
Proc. lEE, Vol. 120, October 1973, pp. 1111.
2.10 LLOYD, T.C.: "Some aspects of electric motor design-
polyphase induction motor design to meet fixed 
specifications", AIEE, PAS Vol. 63, January 1944, 
pp. 14.
2.11 CHALMERS, B.J. and BENNINGTON.: "Digital computer
program for design synthesis of large squirrel- 
cage induction motors", Proc. lEE, Vol. 114,
No. 2, February 19 67, pp. 261.
2.12 VEINOTT, C.G.: "Synthesis of induction motor
designs by digital computer", Trans. AIEE,
PAS Vol. 79, 1960, pp. 12.
—2 6 —
2.13 APPELBAUM, J. and ERLICKI, M.S.: "A problem of
economic optimisation of electrical equipment 
design", Trans. IEEE, Com. and Elec., Vol. 83, 
November 1964, pp. 773.
2.14 VEINOTT, C.G.: "Induction machinery being
revolutionised by the digital computer",
Trans. AIEE, PAS Vol. 75, Part III, February 
1956, pp. 150.
2.15 LLOYD, M.R.: "Some aspects of solid salient pole
synchronous motors", PhD Thesis, University of 
Southampton, October 19 76.
2.16 APPELBAUM, J. and ERLICKI, M.S.: "Optimised
parameter analysis of an induction machine",
IEEE Trans., PAS Vol. 84, No. 11, 1965, pp. 1017.
2.17 LINDSAY, J.F. and BARTON, T.H.: "A modern approach
to induction machine parameter identification", 
Trans. IEEE on Power Apparatus and Systems,
PAS Vol. 91, July 1972, pp. 1493.
2.18 WALLACE, A.K. and WRIGHT, A . : "Novel simulation
of cage winding based on mesh circuit model", 
Trans. IEEE on Power App. and Sys., PAS Vol. 93, 
1974, pp. 377.
2.19 LANGSDORF, A.S.: "Theory of alternating-current
machines", (2nd Edition,McGraw-Hill).
2.20 BOBLIO, G., PESSINA, G. and ZIMAGLIA, C.: "The
choice of law V(F) for motors fed by sinusoidal 
voltage, variable frequency in relation obtaining 
functional charge, fixed previously", Sicme 
Motori. Str. Del. Francese 126, Torino, 19 77.
2.21 DANIELS, A.R.: "The performance of electrical
machines", (McGraw-Hill).
CHAPTER 3
ANALYSIS OF THE NEW EQUIVALENT CIRCUIT AND THE 
CONSTRUCTION OF A NON-LINEAR MODEL FOR INDUCTION 
MOTORS USED IN VARIABLE SPEED APPLICATIONS
Summary
The new equivalent circuit of the previous chapter 
is analysed and all the performance equations are derived 
in Part One indexed as 3.3. With the aid of a digital 
computer, the performance characteristics are computed 
and compared with the experimental results.
Part Two indexed as 3.4 contains the discussion on, 
and construction of the non-linear model of the induction 
motors from test results, used in variable speed applica­
tions. The errors introduced in the performance 
calculations using the linear model in the non-linear 
region are then given.
-27-
3.1 Introduction
To confirm the validity of the new equivalent 
circuit for calculating the output performance, it is 
analysed and performance equations are derived. These 
equations are then used to compute and compare the 
torque speed characteristics of the new equivalent 
circuit with the experimental results.
The vast majority of the work done in the past 
for modelling various saturation effects in the machine 
parameters represented in the literature review involves 
having the machine geometry. This is done by calculat­
ing the flux in each path individually and then intro­
ducing the saturation factor. Engineers in industry 
who are involved in inverter design for speed control of 
induction motors usually have very limited knowledge of 
machine design. Thus there is a need for a simple tech­
nique of determining the non-linearities of the machine 
from test results as well as a method for their inclusion 
in the equivalent circuit parameters.
Hysteresis and eddy current losses change 
considerably with the supply frequency beyond the
knee of the saturation curve and because of this the 
operating point varies with the supply frequency. The 
relationship between the rated value of the operating
—28*“
volts-per-hertz and the supply frequency can then be 
determined either from the non-linear model or directly 
from the test results for constant flux applications.
Using a digital computer, the non-linear model of 
the induction motor is constructed from test results. 
This is done as follows. The open and short circuit 
test results at several values of the applied voltages 
and frequencies in the saturation region are used as the 
necessary data for modelling. In the linear region the 
new equivalent circuit of the previous chapter is used 
to obtain the required characteristics. In the non­
linear region the computer model alters the values of 
the equivalent circuit parameters according to values of 
the applied volts-per-hertz and load conditions.
Calculation of the performance characteristics in
the non-linear region from the linear equivalent circuit
introduces errors in shaft torque proportional to the
supply frequency and rotor speed. The magnitude of the
errors are determined by comparison of the torque speed
characteristics obtained from linear and non-linear
equivalent circuit models. The modelling of the stray
3.2 3 3
load losses ' ' , and saturation harmonics is not 
within the scope of this thesis. The effect of these 
appears to produce plateaus, peaks and troughs on the 
experimental torque speed characteristics.
An accurate method of obtaining torque speed 
characteristics is achieved by the design and develop­
ment of a special torque speed plotting machine for
“29 —
extremely high speed applications. This is done by 
measuring the machine torque and speed, without actual 
physical contact with the rotor, during the acceleration 
of a given inertia load.
3.2 Literature Review
Saturation Effect on Equivalent Parameters
The influence of saturation on the performance 
of electrical machines has been appreciated by engineers 
for many years. However the precise evaluation of its 
effects has remained a somewhat intractable problem.
Early papers presented a method which attempted
to calculate separately the saturation effects due to 
tooth-tip and zigzag leakage fluxes.
It was assumed that the zigzag flux was the main 
source of saturation, and began by calculating the 
average m.m.f. per slot driving zigzag flux across two 
airgaps and the iron path. The length of the iron path 
was taken as the sum of the stator, and rotor, slot 
pitches. The magnetisation characteristic of the iron 
was represented for high flux densities by a straight line 
on the logarithmic scale as in figure 3.1(a) and the iron 
area was assumed to be equal to the airgap area. The 
saturation factor for the zigzag reactance was calculated 
as the ratio of the m.m.f. in the airgap to the total 
m.m.f. The tooth-tip leakage reactance was then esti­
mated for an increased slot opening, the increase being 
a function of the degree of saturation of the zigzag flux. 
Designs in which the prime source of saturation is the 









Figure 3.1 Flux Density Characteristic of the Iron
3 5The semi-empirical method published * in 1949 
still treated the tooth-tip and zigzag fluxes separa­
tely. The basis of this method was to select the iron 
area most likely to saturate, and then to calculate the 
flux at that point. An unsaturated flux was first 
calculated on the assumption that all the m.m.f.'s 
were applied to the relevant air-path length. This flux 
was then used to calculate a flux density in the iron, 
which was assumed to be the density which would occur if 
the iron retained its initial characteristic, shown by 
the broken line in figure 3.1(b). Once this fictitious
-31-
density was found, the actual density was read off the 
true magnetisation curve, to give the leakage flux and 
hence the saturation factor.
In 1961, AGARWAL and ALGER produced a simple
method which combined the tooth-tip and zigzag-leakage
fluxes. It was assumed that no m.m.f. was consumed in
the iron until the flux density reached an arbitrary
2
level of 125,000 lines/in , after which the density
remained constant regardless of any further increase
in m.m.f., as shown in figure 3.1(c). A single iron
area was assumed to offer the greatest constriction to
the total flux, and was used to calculate an unsaturated
flux density in the iron. The saturation factor was
then unity until the density reached the limiting value,
after which it became the ratio of this maximum density
to the unsaturated value. All the above methods ignored
the effect of skew-leakage flux. ANGST extended the
3 7
work of AGARWAL and ALGER in 1963 * to include the
effect of skew-leakage flux on the saturation of the 
leakage paths. Simplifications were still made to 
produce formula amenable to manual calculation, and only 
one saturable area was considered.
3 8
In 1969, B.J. CHALMER and R. DODGSON also
adopted the rectangular magnetisation characteristic, as 
used by AGARWAL and ALGER to compute the combined 
saturation factors. Their study was conducted in three 
stages. The first stage covers the calculation of the 
elements of resistance and leakage reactance of the
-32-
motor, assuming that there are no saturation effects.
In the second stage, the magnitude and phase of each 
saturable reactance flux is calculated, and a picture 
of the combined leakage fluxes over a pole pitch is 
constructed. In the final stage, the effects of the 
combined leakage fluxes is determined, and the satura­
tion factors are computed. Specific attention is 
devoted to the identification of saturable areas in the 
magnetic circuit.
The only components of leakage flux which are 
assumed not to saturate are the end-winding and slot- 
body leakage fluxes.
Similarly as the flux density rises above the knee 
of the saturation curve, the effective frequency of the 
voltage induced in the core laminations rises rapidly 
The combined increases in frequency and flux density 
cause the eddy-current losses to rise much faster than 
the square of the density.
The phenomenon of flux penetration in solid ferro­
magnetic cores has been analysed under various simplify­
ing assumptions, and the results have been used in such 
practical applications as the solid pole shoes of self- 
starting synchronous motors, eddy-current brakes and
couplings, and induction motors with solid iron second-
3 9aries. POHL's * graphical treatment of the problem 
extended the results of the linear theory beyond the 
knee of the magnetisation curve. The B/H curve is 
divided into several linear segments, and the linear 
analysis is applied step by step. The effect of hysterisis
-33-
was included in POHL's work, but the end effect due 
to finite length of the rotor was neglected. Another 
attempt to extend the linear theory to the non-linear 
range was made by GIBBS who introduced a quadratic
equation for the B/H curve in the results obtained under 
the assumption of constant permeability. This equation, 
though an approximate fit, was found to be unsuitable for 
the B/H curve of cast iron. The effect of finite length 
was included in GIBBS' paper by increasing the resisti­
vity of the rotor material. Several authors 
3 13 , have made use of the limiting theory in which the
B/H curve was idealised as a step function of excitation.
McCONNEL and SVERDRUP applied the solution of the
one dimensional field problem to the two dimensional
field existing in the rotor, ignoring the end effect.
KESAVAMURTHY and RAJAGOPALAN have analysed the flux
penetration due to alternating and rotating magnetic
fields, including finite axial length. However since
this analysis was based on constant permeability, the
results were applicable only to the linear range. In
3 13another investigation * using the limiting B/H curve, 
they analysed the phenomenon in the non-linear range 
also, taking the limiting value of the flux density B^ 
at any instant as the value of B corresponding to the H 
acting at that instant. The limiting theory was later 
used by ANGST who also derived a complex end effect
by a three-dimensional linear analysis.
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In all these analytic methods, the B/H curve as 
a whole was not introduced into the field problem at 
the initial state. Further, according to the linear 
and limiting theories, the rotor power factor is obtained 
as a constant, independent of slip, voltage or rotor 
material.
In 1969 PILLAI 3.15,3.16^ attempted to develop a
theoretical treatment of the problem in solid and hollow
rotors, by introducing the non-linear nature of the B/H
curve into the analysis at the initial stage of solution,
and to account theoretically for the variation of the
rotor power factor with slip. He included the end effect
simply by increasing the resistivity of the rotor
material and also by neglecting the hysteresis effect.
A Fourier analysis of the output voltage wave shapes of
low-frequency sources shows that, depending upon the
order, the harmonic component of the voltage may cont-
3 17ribute either positive or negative torque
Synchronous torques occuring in squirrel-cage induction
motors may be due to a variety of causes, one of which is
the interaction between pairs of stator and rotor 
3.18harmonics
In 1971 CHALMERS and DODGSON presented a new
method for determining the wave shape of airgap flux 
density in induction motors taking into account the effect 
of saturation in the magnetic circuit. They considered 
the m.m.f. in the airgap at no-load as a fundamental 
sinusoid. Then, the waveform of the airgap flux density
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due to this m.m.f. is first determined by using the
magnetic properties and dimensions of the magnetic
circuit, and then used to find its fundamental component
3 20and saturation harmonics. LEE and TINDALL * used the 
assumptions, that the saturation harmonics in induction 
machines are greatest at no-load and evaluated the ampli­
tudes of saturation harmonics by performing a non-linear 
field calculation over a radia cross section of the
machine. The over-relaxation technique was used to solve
3 21the necessary field equations. In 19 76 ROGERS 
produced a mathematical model which included the effects 
of both m.m.f. and permeance harmonics and allowed stan­
dard circuit techniques to be used. He employed a new
3 22method of field analysis * to the problem of the three-
phase cage-rotor induction motors. The method unifies
3 2 3the field and circuit theories of machines * . A
realistic airgap geometry is assumed and the field within 
the airgap and within each slot are calculated separately 
in terms of the assumed distribution of tangential 
magnetic-field strength at their common boundaries. From 
the vector potential in each slot, the flux linking any 
stator coil can be calculated and its terminal voltage 
equation obtained.
The vast majority of induction motors have skewed 
slots, and one of the reasons for employing skew is to 
reduce the cogging tendency. A cogging torque is the 
component of the torque output of a machine that varies 
with rotor position with respect to stator, and if very
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large can cause the rotor to lock at standstill. A
high cogging torque is always undesirable in an
induction motor since although it may not prevent the
machine from starting, it can cause vibrations in the
3 24machine frame. In 196 8 BINNS * described an accurate
method of analysis of the cogging phenomenon and gave a
method by which the cogging torque variations can be
determined from simple airgap leakage flux and magnetis-
3 25
ing flux equations. In 19 70 BINNS and DYE * described
the effect of slot skewing on the cogging torques and
produced a simple equation which describes the effect of
skew on these torques. It is important in certain cases
to avoid slot skewing, which increases losses and leakage
reactance resulting in lower efficiency 3'25,3.26^
particularly in polyphase motors. ALGER ^ ^  discusses
cogging torques, and gives some conditions under which
the torques are appreciable. The effect of the cogging
tendency can also be eliminated by considering the stator
3 27and rotor slot numbers without the use of skewed slot 
Certain practical changes in the equivalent circuit para­
meters of a cage induction motor due to skewing the rotor
can be derived mathematically from fundamental principles
3 28for predicting its performance characteristics 
Digital and mathematical models have been constructed for 
predicting changes in the equivalent circuit parameters 




(b) high frequency losses due to open stator
slots with and without skewed rotor 
3 29
slots * , and,
(c) machines employing double-cage rotors
3.3 Part One
3.3.1 Analysis of the New Linear Equivalent Circuit
Considering the equivalent circuit of figure 2.2, 
all the parameters of this equivalent circuit are 
expressed on a per phase basis. This applies whether 
the stator winding is Y- or A- connected. In the latter 
case the values refer to the equivalent Y- connection. 
Appearing in this figure is the positive of the equiva­
lent circuit that has reference to the stator (or 
primary) winding. Note that it consists of;
(i) a stator phase winding resistance R^,
(ii) a stator phase leakage reactance X^, and,
(iii) a parallel RP^ which takes care of all 
changes in the stator winding when 
supplied with different frequencies.
The magnetising impedance is made up of the core-loss 
resistance R^ and the magnetising reactance X^. The 
form of magnetising impedance is the same as the standard
one, but values of R„ and X„ are obtained from a circleM M
diagram whereas in a standard case the values of the 
magnetising branch parameters are determined from a 
motor running light test with fixed supply frequency.
The latter case does not include any changes which would 
arise at different supply frequencies, as mentioned in 
Chapter 2.
— 38—
The secondary consists of the rotor phase leakage 
reactance , rotor phase resistance and RP^ which 
takes care of any changes in the secondary elements.
RP^ and RP^ have no physical significance, in other 
words they cannot be referred to any physical elements 
within the machine. They can only be justified if the 
parallel networks are converted into series equivalent 
form. Then the resistive parts add to stator and rotor 
d.c. resistances to represent the a.c. resistances at 
any applied frequency. The reactive parts are also 
frequency dependent and represent the primary and 
secondary leakage reactances at any applied frequency.
In the following sections the frequency dependent model 
is analysed to obtain the necessary performance equations
3.3.2 The Actual Rotor Circuit Per Phase
For any specified load condition which calls for
a particular value of slip, the rotor current per phase
may be expressed as;
SËg
I9 - —   (3.1)2
X (R, + RP ) + R, (RP,)
but Z = -2 £-----ÿ------^-5— s—
(RPg) + (Xg)
(RP^)^.X
J S ----- f ---- ^   (3.2)
(RP„) + (X-)
^2  =  ^ 2 l Î 2
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S.X, (RP,)^
where 0^ = Tan —=----------------%------  ^ -(3.3)
%2(R2 + RPg) + R2 (R^2^
SE
thus ïg = z.(Cos0, + JS.Sin0_) (^-4)
where E2 and %2 are the stand still values. I2 is a 
slip-frequency current produced by the slip-frequency 
induced emf SE2 acting in a rotor circuit having an 
impedance per phase of equation (3.2). In other words, 
this is the current that would be seen by an observer 
riding with the rotor winding. Furthermore, the amount 
of real power involved in this rotor circuit is the 
current squared, times the real part of the rotor 
impedance. In fact, this power represents the rotor 
copper loss per phase. Hence the total rotor copper 
loss may be expressed as:
2
^CU2 ~ in. I2 . Z2 .COS02  (3.5)
where m is the number of rotor phases.
3.3.3 The Equivalent Rotor Circuit
By dividing both the numerator and denominator 
of equation (3.4) by the slip S, we get:
Ë2




= ZgtgCospg + JSin02>   (3.7)
<^ 22 = *^ 2
where 2^2 is the rotor impedance transferred to the 
primary. Note that the magnitude and phase angle of 
Ï2 remains unaltered by this operation. However there 
is a clear difference between equation (3.4) and (3.6).
In the latter case Ï2 is produced by a line-frequency 
voltage Ë2 acting in the rotor circuit having an 
impedance per phase of:
Z2»(|cos02 +J Sin02) -- (3.8)
Hence the I2 of equation (3.6) is a line-frequency 
current, whereas the o f  equation (3.4) is a slip- 
frequency current. Now, the real power associated with 
the equivalent rotor circuit is clearly:
Fg = I2.|.22.COS02 —  (3.9)
Hence the total power transferred the airgap from 
the stator to the rotor for
Pg = m.I2 •g •Z2 .COS02   (3.10)
A comparison of this expression with equation (3.5) 
indicated that the power associated with the equivalent
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circuit is considerably greater. This means that the 
point of reference has changed from the rotor to the 
stator. In other words the observer changes his point 
of reference from the rotor to the stator. This shift 
is important because now, upon looking into the rotor, 
the observer sees not only the rotor copper loss but 
the mechanical power developed as well. The equation 
(3.10) can be rewritten in a manner that indicates this 
fact.
P = - S) ]  (3.11)
In other words the variable slip dependent resistor may 
be replaced by the actual rotor winding resistance,
(real part of equation (3.2)) and a variable resist­
ance Rmech M^ich represents the mechanical shaft load. 
That is:
^mech = — (3.12)
This expression is useful in analysis because it allows 
any mechanical load to be represented in the equivalent 
circuit by a resistor.
3.3.4 Calculation of Performance
When the three-phase induction motor is running 
at no-load, the slip has a value very close to zero.
Hence the mechanical load resistor R^^^h ^ very
large value, which in turn causes a small rotor current 
to flow. The corresponding electromagnetic torque
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assumes a value which is required to overcome the 
rotational losses consisting chiefly of friction and 
windage. If a mechanical load is now applied to the 
motor shaft, the initial reaction is for the shaft load 
to drop the rotor speed slightly and thereby increase 
the slip. The new value of slip causes I^ to increase, 
consequently increasing rotor power to yield sufficient 
torque to provide a balance of power to the load. Thus 
equilibrium is established and the operation proceeds 
at a particular value of S. In fact there is a unique 
value of slip for each value of load horse power.
3.3.5 Starting Torque
Consider the power-flow diagram shown in figure 
3.2. The total power transferred across the airgap 
(ie. rotor input power supplies the rotor copper loss 
and mechanical output power). The resultant shaft 
torque of this transferred airgap power is:
Tg = m.l2.|.Z2.Cos02   (3.13)
or = m.l2 .i.Z22Cos022
The value of torque at any slip is determined by 
the real part of the rotor impedance. In some applica­
tions where high starting torque is essential, the 
rotor resistance has a high value to start with, and 
this reduces as slip increases. One way to do this is to
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design the squirrel-cage with deep bars or with two 
distinct rotor bars separated by a flux-leakage path.
In either case, the effective secondary resistance is 
high at starting, when the rotor frequency is high, 
and low at full speed.
Another way is to provide an insulated secondary 
winding, similar to the primary, which is brought out 
to slip rings and connected to an external resistance 
between the slip rings at starting. The resistance may 
be adjusted to give the desired torque at standstill, 
decreased as the speed rises, and short-circuited at 
full speed. This method 'allows minimum starting current, 
and permits longer duration of the starting period, or 
prolonged operation at low speeds without overheating 
the motor, and so is generally used for large and adjust­
able speed motors.
3.3.6 Torque-speed Characteristics
The torque-speed characteristics of the induction 
motor can be explained from equation (3.4). As slip is 
allowed to increase from nearly zero to about 10%, the 
rotor current increases almost linearly. Moreover, for 
this same range of slip the rotor power factor angle 
Ip2 varies over a range of about zero to 10°. This means 
that the rotor power factor Cos remains practically 
invariant over this range and so torque increases almost 
linearly in this region.
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As slip is allowed to increase still further, the 
rotor current continues to increase, but much less than 
at first. The reason for this lies in the increasing 
importance of the product of slip times the imaginary 
term of rotor impedance. In addition, the angle 0^ 
now begins to increase at a rapid rate which makes the 
Cos 11^2 diminish more rapidly than the current increases. 
Since the torque equation now involves two opposing 
factors, it is reasonable to expect that a point will be 
reached beyond which torque will decrease for any 
increases in slip, so the torque-speed curve takes on a 
form similar to that shown in figure 3.3.
oI—
0.0
Figure 3.3 Typical torque-speed curve for a three- 
phase induction motor
The starting torque is the torque developed when 
slip is unity, ie. the speed n is zero. The starting 
torque of induction motors has a value usually some­
what in excess of rated torque, and its value is
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calculated in the same manner as torque is computed for 
any value of slip, simply by substituting the value of 
S by unity. Thus the magnitude of the rotor current 
at standstill becomes;
Vn
I =  ---------- 2--------------2tT  (3.14)
[(R^  + Rg) + (X^  + X^ ) ]:
thus R' = Z'.Cos0'   (3.16)
Xg = Zg.Sinpg   (3.17)
The corresponding power transferred across the airgap 
is then:
Pg = m.l2.Z22*Cos022   (3.18)
• -  ^2
where I =  ------r^—   (3.19)
2 222- 7^22
but E2 — ——"T  (3.20)
where / 0 *
X (R + RP,) + R (RP )2 X, (RP,) 2
— - =^— 2-   É - - —  +  J  - -   2  (3.21)
Xi + (RP ) X^ + (RP^)
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-1 X^(RP^)2
and 0^ = Tan —^ ^  ---- (3.22)
X^(R^ + RP^) + R^(RP^)
thus Pg = m  . Z22'C°S022
^2 2 /-?22 ^ ^1 ^2
 (3.23)
It is interesting to note that the higher starting torques 
result from increased rotor copper losses at standstill.
Another important torque quantity of the three- 
phase induction motor is the maximum developed torque.
This quantity is so important that it is sometimes the 
starting point in the design of the induction motor.
The maximum (breakdown) torque is a measure of the 
reserve capacity of the machine. It frequently has a 
value of 200 to 300% of the rated torque. It permits 
the motor to operate through momentary peak loads.
However this maximum torque cannot be delivered 
continuously; excessive currents would destroy the insula­
tion, and the machine is very unstable in this region, 
ie. any small changes in load would result in much varia­
tion in the rotor speed. It is also possible to stall 
the machine.
Since the developed torque is directly propor­
tional to the gap power, the torque is maximum when the 
gap power is maximum. But the gap power has a maximum 
value when there is a maximum transfer of power to the 
equivalent rotor resistor. Applying the maximum power 
transfer theorem to the equivalent circuit we have:
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^  =[r ^^ + + X2>^f^2  (3.24)
thus R^ = Z^Cos0|   (3.26)
= Z^Sin0^   (3.27)
That is, maximum power is transferred to the gap power
resistor R22/S when this resistor is equal to the
impedance looking back into the source. Thus the
corresponding value of S for T is;^  ^ m m
^22
S- = r-T ] — ------"27?  (3.28)m [r ^ + (X^ + Xg) ]
Note from equation (3.28), that the maximum torque 
can occur at any speed depending on the value of 
rotor resistance. Some induction motors are in fact 
designed to have maximum torque at starting. With the 
slip S^ known, the corresponding rotor current can be 
found and then inserted into the torque equation to 
yield the final form for the breakdown torque. Thus 
by neglecting the magnetising branch we have:
1
Tm =  !---------------    (3.29)
’s’ [r  ^+^R2 + (X^  + X22>2]
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Therefore maximum torque is independent of the rotor 
resistance, ie. different values of rotor resistance 
would only determine the value of slip in which the 
maximum torque will occur.
3.3.7 Measurement of Experimental Results
In order to examine the validity of the new 
equivalent circuit for performance calculations, the 
experimental torque speed characteristics are required. 
One method of obtaining these characteristics is to 
plot the shaft torque versus its speed while the machine 
is accelerating a given inertia mass from zero to 
maximum velocity. The machine has to be robust and 
100% safe for speeds up to 20,000 RPM. The torque trans­
ducer is not used in the load shaft for measuring the 
amount of twist. This is because the available torque 
transducers normally carry brushes and therefore they 
are liable to introduce errors into the readings at 
higher speeds. Also any failure in the bearings can 
easily damage the transducer unless it is provided with 
a special clutch. The application of load cells is not 
considered either, due to economic reasons. Instead, 
the torque is measured directly from the case of the 
main drive induction motor, which is equal and in an 
opposite direction to rotor torque. The rotor speed is 
measured by a slotted disc and an infra-red photo-cell. 
The speed and torque transducers, without physical 
contact with the rotor, allow extremely accurate results
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to be obtained at any rotor speed. All the necessary 
calculations are carried out when designing the inertia 
disc, drive shaft and bearings to avoid the coincidence 
of the transverse vibration frequency with operation 
frequency.
The coincidence of these two frequencies can lead 
to failure in the system. The gyroscopic effects are 
also taken into consideration to make sure that the 
shafts whirling speeds are well outside the operating 
range. Highly accurate electronic circuitry is designed 
and developed for the torque and speed transducers. The 
design and development of the whole plotting machine is 
given in full detail in Appendix B. This test rig is 
then used to plot the torque-speed characteristic of 
the machine with supply frequencies from 10 Hz up 
through 100 Hz with steps of 10 Hz, and from 100 Hz to 
320 Hz inclusive with steps of 20 Hz. In addition at 
each step of the operations the machine terminal voltage 
is kept at the following volts-per-hertz, 1.34, 1.24, 
1.16, 1.1, 1.00, 0.908 (or 110%, 100%, 97%, 91%, 83%, 
75%, of the rated volts per hertz) and plots are shown 
in figures B.ll to B.31 in Appendix B. Because the 
changes in the machine parameters at various supply 
frequencies are very small, and the purpose of these 
torque-speed characteristics are to investigate the 
validity of these small changes, it is necessarily 
essential to observe any possible changes arising from 
temperature in parameters or reduction in terminal
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voltages at starting currents. Thus, the terminal 
voltages are also plotted while the machine is 
accelerating the inertia disc and are shown on the 
torque-speed characteristic curves. In addition, the 
temperature rises at each step of the frequency opera­
tion, while the machine is accelerating the inertia 
disc from zero velocity to maximum velocity during 
six different applied volts-per-hertz, are plotted and 
shown in figure 3.4. These six different voltage 
operations are carried out immediately one after the 
other in descending order, and the total temperature 
rise at each step of the supplied frequencies are 
plotted and shown in figure 3.4. The temperature 
characteristic is incorporated in the computer program 
in section (3.7) to allow for the changes in the stator 
resistance (R^) during the acceleration.
3.3.8 Digital Program Description of Torque Speed 
Characteristics
A digital program is developed which uses the 
torque equation (3.13) to plot the torque speed 
characteristics. This program includes two major loops 
The first loop plots the characteristics for six given 
applied volts per hertz. These six steps are chosen to 
obtain the same results as the experiments for the 
purpose of comparison. The second loop adjusts the 
changes in the resistive parts according to the tempera­
ture rise characteristics. This also provides the same
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conditions as the experimental results. The program 
adjusts the value of stator resistance according to 
the relationship given in equation (3.30).
R^(t) = R^(d.c) + A.t   (3.30)
R^(d.c) = 2 , 0 ü
A = 18.8mO/C°
Where R^ is the d.c. stator resistance per phase, taken 
at room temperature, and constant A is the increase in 
the resistance for each degree of temperature rise in 
centigrade. But average temperature rise in the machine 
for accelerating a given load and given supply frequency 
from figure 3.4 is:
t = t^ + B.F   (3.31)
where t^ is the initial machine temperature and constant 
B is the temperature rise per hertz during the accelera­
tion of the given load. Thus:
Rl = R^(d.c) + A(t^ + B.F)   (3.32)
Because all six torque-speed characteristics are plotted 
immediately in descending order of applied volts-per- 
hertz , this program uses the room temperature as the 
initial value of t^ for the first plot, and then the 
average temperature rise of this as the initial value 
of t^ for the next plot, and so on. At the end of each 
supply frequency operation the program again starts the
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initial value of t^ as the room temperature. The flow 
diagram of the program is shown in figure 3.5.
In addition when the applied volts-per-hertz is 
110% of the rated value, the non-linear program of 
section (3.4) is used to determine the torque speed 
characteristics.
3.3.9 Experimental Results
The internal impedance of the generator set used 
to produce the experimental curves causes the terminal 
voltage across the induction motor to vary with rotor 
speed as shown in figures B.ll - B.31 in Appendix B.
The voltage drop is maximum when the rotor speed is 
zero and is restored to pre-set value as rotor speed 
approaches synchronous speed. Within this operating 
range there is no saturation in the leakage reactances, 
and this is discussed in later sections. Therefore the 
linear voltage square law is applied to make the neces­
sary corrections in the experimental torque speed 
curves due to this voltage drop. The corrected experi­
mental curves and those obtained directly from the new 
equivalent circuit are shown in steps of 40 Hz in 
figures 3.6 - 3.14. In the linear region results are 
identical except when the applied volts-per-hertz is 
110% of the rated value which appears to have the effect 
of load losses and saturation harmonics on the experi­
mental curves. However the calculated curves obtained 
from the new equivalent circuit do not contain these
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effects. This is because the modelling of the load 
losses and saturation harmonics are not included in the 
equivalent circuit as mentioned before.
3.4 Part Two
3.4.1 The Construction of a Non-Linear Model for
Induction Motors in Variable Speed Applications
In the following sections the effect of voltage 
saturation on the machine parameters is discussed.
Various experiments are designed to identify the changes 
in the parameters with saturation. The test results 
are then used to produce the non-linear relationship 
between the parameters, applied voltage and frequency.
A digital program is then developed which alters the 
values of the parameters according to the applied voltage 
and frequency and produces the required characteristics. 
The torque speed characteristics are obtained from the 
non-linear model when the applied volts-per-hertz is 
110% of the rated value. These characteristics are then 
used to determine the magnitude of error which would 
have been involved if the linear model was used. A 
110% of the rated value is chosen which is approximately 
equal to the gap voltage when the machine is operating 
in the regenerative mode.
3.4.2 Effects of Saturation on Leakage Reactances
It is well known that the leakage reactance of an 
induction motor varies with the operating conditions.
The principal cause of this variation is the magnetic
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saturation of the leakage flux path, which increases 
with current and reduces the leakage reactance. Many 
manufacturers have developed formulae for the machine 
reactances, and empirical factors are often included, 
particularly for the estimation of saturation. If the 
design of a new machine differs from the previous 
standards, the empirical factors may no longer be 
applicable.
The total leakage reactance of a cage induction 
motor is the sum of the primary and secondary leakage 
reactances, and this total is subdivided into eight 
principal components as listed in Chapter 2, Section 5. 
Components (a) to (d) are caused by leakage fluxes at 
the locations mentioned. These fluxes obviously link 
only one winding. Components (e) and (f) are reactances 
due to the m.m.f. harmonics of the stator and rotor 
fields in the airgap.
If the stator or rotor slots are skewed, the load 
m.m.f. of the skewed member is displaced in time phase 
along the core length. This produces an m.m.f. in the 
airgap which is a function of the phase difference 
between the stator and rotor fundamental m.m.f. waves, 
and which drives skew leakage flux around the magnetic 
circuit. Skewing may be visualised as a reduction of 
the magnetic coupling between the primary and secondary 
windings by a shift of the magnetic axis of the skewed 
member, its effect is to reduce the mutual reactance, 




To investigate the changes in the leakage reactance 
of the machine under the experiment, arising from satura­
tion, various readings of phase volts, currents and 
power are taken with rotor locked. Bristol University's 
generator sets were used to obtain the necessary supply 
frequencies. Then the per phase volts-per-hertz and 
current characteristics with various supply frequencies 
with rotor locked are plotted and shown in figure 3.15. 
Due to the limited power capability of these generator 
sets, it was not possible to obtain any results above 
the phase currents of ten ampares. (Induction machines 
normally have starting currents of about five times the 
rated value. In the case of this particular machine, 
generators capable of supplying 15 amps or more were 
required). Within the limited ranges of these experi­
ments there was no indication of any saturation in the 
iron of the machine.
The experimental results of the starting torques 
and applied volts-per-hertz squared obtained previously 
using the generator sets at the Royal Aircraft Establish­
ment, Farnborough, are also linearly related and are 
shown in figure 3.16. This confirms that there is no 
sign of saturation in the flux paths with starting 
currents of up to 110% of the rated values. Therefore 
the non-linear model does not make any alterations in the 
leakage reactances for the determination of the required 
performance characteristics.
— 56 —
3.4.4 Effect of Saturation on the Magnetising Branch 
Parameters
The magnetic flux in both stator and rotor is 
carried by alloy-steel laminations, usually containing 
1 to 3% silicon. The lamination thickness usually 
compromises between the cost and the eddy current loss, 
which later increases as the square of the thickness. 
Economy requires use of the highest flux density 
compatible with moderate core losses and magnetising 
ampere turns, making a steel of high magnetic quality 
desirable. The laminations are, therefore, annealed at a 
high temperature and are insulated with core plate enamel 
In the smaller sized motors and with controlled atmos­
phere anneal however, the oxide scale on the laminations 
may provide sufficient insulation. Partly closed slots 
are also used in smaller motors because they increase 
the effective gap area giving a lower magnetising current 
for a given size of motor, and allowing the use of fewer 
turns in the winding with lower resistance. The width 
of opening is chosen to permit easy assembly of the coils 
and to avoid magnetic saturation of the tooth-tips at 
high currents. Larger motors designed for voltages 
greater than 600 volts are normally made with open slots 
to permit the use of form-wound coils insulated before 
assembly.
Since the flux density in the teeth varies in 
proportion to the airgap flux density, magnetic satura­
tion will be reached by the teeth at the centre of the
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flux wave before it is reached elsewhere. The magnetising 
current drawn from the line is nearly sinusoidal however 
and the impressed main flux wave preserves its sinusoidal 
space distribution at all currents.
Therefore the airgap flux wave has a flat top, 
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Figure 3.17 Effect of Saturation on the Shape of the
Airgap Flux Wave
The flux density in the core, behind the teeth is at a 
maximum at 90 electrical degrees away from the peak of 
the airgap flux density wave, since the core flux I  is 
the space integral of the airgap flux. Hence the 
peripheral distribution of core ampere turns is 90° 
displaced from that for the teeth. A saturated core 
therefore tends to result in a peaked airgap flux wave, 
offsetting in part the flattening effect of saturation 
in the teeth. The flux distribution curve retains its
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fixed shape as the field revolves, so that the satura­
tion harmonics in the airgap flux wave revolve at the 
same speed as the fundamental, and produce rotor volt­
ages at multiples of the slip frequency. At high 
values of slip, they induce rotor currents which damp 
them out completely, restoring the sinusoidal flux wave 
shape and the decreased airgap flux and saturation at 
increasing values of load current make these harmonics 
of no importance with respect to breakdown torque or 
starting performance.
The resistive part of the magnetising branch 
represents the sum of the core loss, the stray-load 
losses, friction loss and windage loss. The core loss 
rises much faster than the square of the density as the 
flux density rises above the knee of the saturation 
curve. This is because of the rapid rise in the 
effective frequency of the voltages induced in the core 
laminations. The stray-load losses are additional core 
loss, caused by the increase in the airgap leakage fluxes 
with load, and by the high frequency pulsations of these 
fluxes. Also a large part of the stray-load loss is due 
to induced harmonic currents in the rotor circuit.
The values of the resistive and the reactive parts 
of the magnetising branch are usually determined from 
the running light test. This equivalent network 
represents the magnetising branch, when the motor is 
running light, with flux density at the knee of the 
saturation curve. A series of experiments are carried
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out to investigate the behaviour of the magnetising 
parameters well before and after the knee of the satura­
tion curve. To do this the induction machine is 
mechanically coupled to an a.c. series-connected 
commutator machine (Appendix B, figure B.l). The 
induction motor is fed with supply frequencies from 
50 Hz up through 200 Hz. At each step the rotor is 
driven into its corresponding synchronous speed by 
means of the a.c. commutator machine. Then the phase 
voltage is increased from 0.2 to 2.0 volts-per-hertz 
inclusive, and corresponding values of phase current 
and total input power are recorded. The saturation 
curves at various supply frequencies are then plotted 
and shown in figure 3.18. In Section 3.4.6 these curves 
together with input power are broken down into various 
other characteristics to obtain an equivalent circuit 
model of the magnetising branch for below and above the 
knee of the saturation curve.
3.4.5 Model Representation of Magnetising Branch 
Parameters
In Chapter 2, the circle fit technique is employed 
to determine the parallel RL network to represent the 
magnetising branch equivalent circuit parameters.
This RL network represents all the changes in the 
magnetising branch arising from different supply 
frequencies with constant volts-per-hertz operating 
point. Due to non-linear characteristics of the iron 
of the machine, the values of the parallel RL network
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elements will be different with different applied volts- 
per-hertz across the input terminals. The voltage drop 
across the primary impedance will differ at different 
values of the rotor slip for a given applied volt per 
hertz. This makes the operating point of the magnetis­
ing branch slip dependent as well as the applied voltage. 
Now it is required to form a model which would be 
frequency, applied voltage and rotor slip dependent. 
Similar techniques could be employed to find some forms 
of parallel and series combinations of RL networks to 
give the required characteristics. Instead a digital 
computer program is developed which produces the required 
characteristics of the magnetising branch, depending on 
the value of these variables.
3.4.6 Program Description of the Non-Linear Model
The program is developed to compute a complex 
number whose magnitude and phase angle are dependent on 
values of the operating conditions, that is supply 
frequency, magnitude of applied voltage and rotor slip.
Any changes either in applied voltage or slip will 
result in changes in the magnitude of the magnetising 
current, hence the latter is used as a reference to 
search for values of the required complex number.
From the experimental results, the magnitude of 
the input impedances and cosines of phase angles (Cos 0^) 
of the magnetising branch with different supply frequen­
cies are calculated and plotted with various line currents 
and are shown in figures 3.19 and 3.20.
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The change in Cos 0^ with different supply 
frequencies for a given volts-per-hertz is not very 
significant due to the fact that the resistive part of 
the magnetising circuit is frequency dependent as well as 
the reactive part. This is also confirmed in the locus 
diagram of RM versus shown in Chapter 2 , figure 2.3. 
Thus the results obtained from this experiment when the 
machine is running from a 150 Hz supply frequency are 
used to calculate the values of Cos 0 . The values of 
Cos 0^ versus line current are plotted and shown in 
figure 3.20. However the magnitudes of the input imped­
ance per hertz change very significantly with different 
supply frequencies as the applied volts-per-hertz rises 
above the knee of the saturation curve (see figure 3.19).
The changes in magnitude of the input impedance 
in the saturation region with different supply frequencies 
are also calculated and shown in figure 3.21. Then by 
inspection this non-linearity of the input impedance with 
supply frequency is fitted with equation (3.33).
(ZI/HZ)p = 0.15 + 0.175e"^/50   (3.33)
Similarly the non-linear region of figure 3.20 is fitted 
with equation (3.34).
(Cos0^)^ = 0.08 + 0.0021^   (3.34)
m
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Finally from equation (3.33) and figure 3.19 the value 
of the per phase input impedance within the saturation 
region is given by equation (3.35).
I -1.2m
(ZI/HZ)^ = (ZI/HZ)p +[0.65 - ZI/HZ)p]e 2.5
m,F
Substituting (ZI/HZ)„ from equation (3.33) we obtain;r





The computer program uses the equivalent para­
meters of figure 2.2 of Chapter 2 as the initial starting 
data. For any given terminal voltage, supply frequency 
and rotor slip, it calculates the magnitude of the 
current taken by the magnetising branch. If the modulus 
of this current lies within the linear region of opera­
tion it continues to compute the required output without 
making any changes in the given values of magnetising 
branch elements. But if it lies within the non-linear 
region, then using this value of I^, and equations 
(3.34) and (3.35) it computes the new values of the 
magnetising circuit elements. The computed results are 
then used to find the corresponding new value of I^.
If the difference between the new value of Z and them
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one used immediately before, is within the given accuracy 
it jumps out of the loop and uses the new computed values 
of the magnetising branch elements to carry out the rest 
of the operations. See figure 3.22 for the flow diagram. 
The resultant model is then used to compute all the 
required characteristics with the rotor at synchronous 
speed.
3.4.7 Reduction in the Shaft Torque due to Voltage 
Saturation
The torque speed curves of the linear and non­
linear model applied with 110% of the rated volts-per- 
hertz are used to determine the effect of voltage 
saturation. The reduction in the torque is calculated 
as a percentage and shown in figure 3.23. With rotor 
slip greater than 0.4, the gap voltage is well within 
the linear region for the given volts per hertz.
However as the slip falls below 0.4, the gap voltage 
rises above the linear region. This increases the 
magnetising current and reduces the rotor current which 
causes a subsequent reduction in the output torque. The 
magnitude of error for a given volts-per-hertz increases 
further with the supply frequency as shown in figure 3.23
3.5 Discussion of Results
The investigation into the effects of variable 
supply frequency on the three-phase induction machine 
performance clearly shows the important role of rotor 
parameters in torque-speed characteristics. Because
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of the increasing value of the rotor resistive part 
with higher supply frequency (due to various losses and 
non-uniform distribution of current at high frequencies) 
the starting torque also increases correspondingly when 
the machine is applied with a given volts per hertz.
The value of rotor slip at which the maximum 
breakdown torque occurs, decreases as the supply 
frequency increases. This is mainly because of the 
increasing value of with frequency.
'In an ideal machine having equal stator and rotor 
parameters (ie. X^ = X^, = Rg)# the starting torque
will increase from zero to a maximum value as the supply 
frequency increases from zero until a value when the 
reactive and the resistive parts of the machine are 
equal. Any further increase in the frequency after this 
point will result in lower values of the starting torque. 
But the starting torque characteristic of the induction 
motors rise to a maximum point and then stays almost 
constant. This is because the rotor resistance is not 
constant and increases as the supply frequency rises, at 
the same time the actual rotor inductance falls with 
frequency.
Thus the resistive and reactive parts of the rotor 
circuit, appear to behave in such a manner that after 
reaching the maximum it continues to produce constant 
starting torques for any further increases in the supply 
frequency. The width of this frequency band which produces 
almost constant starting torques for a given volts-per- 
hertz depends on the type of rotor construction used.
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Another important point to be considered is the 
behaviour of the normal operating point on the torque 
speed characteristics with various supply frequencies.
The value of slip at this point is usually taken to be 
less than 10% depending on the machine type. The 
position of this point depends on the maximum allowed 
load variations and it is always taken as a percentage 
of maximum breakdown torque. The maximum breakdown 
torque variations of this particular machine with supply 
frequency with rated volts-per-hertz applied is plotted 
in figure 2.9 in Chapter 2.
The value of slip for a given operating point 
similar to that of maximum torque also decreases as the 
supply frequency increases. Or, in other words, for a 
given value of the slip the corresponding value of the 
torque becomes greater at higher supply frequencies.
This can be seen on the three-dimensional torque speed 
characteristic of the machine, when applied with rated 
vqlts-per-hertz (constant flux) shown in figure 3.24.
As a result the machine becomes more efficient at 
higher supply frequencies when operating near synchronous 
speed. The rotor frequency also approaches to zero, and 
consequently any increase in the resistive part of the 
rotor due to higher frequency losses reduces towards 
d.c. value. Therefore the effect of running the machine 
with higher supply frequency virtually has a similar 
effect to that of the deep bar used in rotor construction
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Even though saturation of any region of the iron 
would result in changes in the leakage reactances, the 
experiment results obtained from locked rotor tests do 
not indicate any sign of saturation in the iron of this 
particular machine. Also the limited output power of 
the generator sets of Bristol University did not allow 
the machine to be driven well above the saturation 
region with the rotor locked. However there was enough 
power to carry on the investigation within the operating 
conditions. This is also confirmed by the torque 
characteristic results in Section 3.3.9, figure 3.16.
Thus the effect of saturation on the leakage reactances 
are neglected and therefore this effect is not included 
in the resultant model.
The magnetising parameters begin to alter in a 
non-linear fashion as soon as the magnetising current 
rises above the linear region. One might argue that in 
normal operating conditions the magnetising current never 
reaches the non-linear region. However in some variable 
frequency applications it is necessary to keep the torque 
constant over ranges of speed. This would require the 
machine to be driven above the designed volts-per-hertz 
characteristics especially in the lower frequency ranges. 
Also when the machine is operating in regenerative mode, 
the gap voltage may rise well above the normal operating 
level and result in voltage saturation.
The difference in the element values of the 
magnetising circuit in the linear operating region mainly 
arises from changes in the rotor frequency as its slip
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changes with the applied voltage. The amount of varia­
tion in this region is not significant enough to produce 
serious effects on the machine performance equations. 
However as the terminal voltage rises above the opera­
ting knee point of the saturation curve, the magnetising 
elements start to change very rapidly as mentioned 
before. This consequently results in a serious effect 
on the machine performance, such as a reduction in the 
shaft torque. Therefore the resistive and inductive 
parts of the magnetising branch become dependent on both 
the applied volts-per-hertz and the supply frequency.
These variations are calculated from the computer 
program and are shown in figure 3.25. Because of these 
variations the value of the operating applied volts-per- 
hertz can no longer be taken as a constant value in 
variable frequency applications. Therefore the operating 
volts-per-hertz should be related to the gap voltage.
This relationship can be determined from the new equivalent 
circuit.
Since the airgap flux is proportional to the E^/F^ 
(E^ = gap voltage, F^ = stator frequency) the electro­
magnetic torque is proportional to the square of the air- 
gap flux at a given rotor frequency F ^ . Consequently if 
the airgap flux is maintained constant under all operating 
conditions, the induction motor torque is determined 
solely by the absolute rotor frequency (Fg) and is 
independent of the supply frequency (F^). A control 
scheme in which the airgap flux is constant and the rotor
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slip frequency is directly controlled, thus permits a 
precise adjustment of motor torque at any speed, provided 
that the ratio of E^/F^ is kept constant throughout all 
the supply frequencies. Generally in constant flux 
applications the ratio of the terminal voltage to the 
supply frequency V^/F^ is kept constant. But this is 
not adequate enough in wide frequency range applications. 
Because of the frequency dependent elements of the 
machine the ratios of V^/F^ and E^/F^ do not follow 
directly and some adjustment has to be made in the ratio 
of V^/F^ in order to keep E^/F^ constant at any applied 
frequency. If this non-linear relationship between 
V^/F^ and E^/F^ is not clearly identified, it can result 
in serious problems at higher frequency ranges, ie. the 
operating volts-per-hertz can become much higher than 
the rated value. This can easily run into saturation 
harmonics and hence distort the torque speed characteristics 
This is clearly apparent in the experimental results 
(obtained from the machine under test) when the supply 
frequency is above 150 Hz and the applied volts-per-hertz 
exceeds the rated value. This is because the ratio of 
the input terminal voltage to the supply frequency is 
kept constant rather than the gap voltage.
In variable speed applications, the inverter 
designer must be aware of all the non-linearities arising 
from voltage saturation in order to achieve the best 
results. In the majority of inverter designs it is not 
required to have the non-linear model of the machine. But
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perhaps it may help towards a better understanding of 
the machine performance when the machine's operating 
frequency and number of pulses per cycle are very low. 
Under these conditions, because of higher supply rail 
voltages than the rated value and longer time constants 
of switching pulses, the flux in the airgap will rise 
from the initial value into saturated value during each 
switching mode. Thus the average flux in the airgap 
will be a combination of fundamental and saturation 
harmonics. This results in a considerable amount of 
distortion on the shaft torque which may stall the 
machine. Also considerable amounts of heat are generated 
in the windings and rotor bars which can damage the 
machine. Thus, having the non-linear model or at least 
being aware of these non-linearities due to voltage 
saturation can help the inverter designer to calculate 
or predict the required minimum number of pulses per 
cycle for given frequency and supply rail voltages with­
out running into serious problems.
Once all these behaviour patterns of the machine 
are clear for any speed control circuitry designer, he 
can simply include all the necessary changes in his 
controller to obtain any torque speed characteristics 
from an induction machine most efficiently.
Finally the experimental and computed torque speed 
characteristics confirm the validity of such a frequency 
dependent model and the technique used to obtain indivi­
dual equivalent circuit parameters.
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Another important point to notice is the constant 
slip frequency operation characteristic of the machine. 
Under this condition when the machine is operating with a 
constant applied volts per hertz, the rotor parameters 
are no longer dependent on the supply frequency. This 
results in a constant shaft torque as long as the rotor 
frequency remains unaltered. Consider plane M in parallel 
with plane XOZ in figure 3.24. Plane M intersects the 
torque speed characteristics at points indicated by ■
Since plane M and plane XOZ are in parallel all points on 
this plane correspond to a constant torque, including those 
points indicated by t^, i  ^ ... . All these points . . . )
correspond to a constant slip frequency. However their 
corresponding rotor slip depends on the supply frequency. 
For example, when the machine is operating from a 50 Hz 
supply with the rated volts per hertz producing a 1.25 Nm 
rotor torque, the rotor slip is 0.5 corresponding to a slip 
frequency of 25 Hz. However with a 300 Hz supply for the 
same rotor torque and running condition the rotor slip 
becomes 0.083. This also corresponds to a slip frequency 
of 25 Hz. Therefore in the constant torque application 
a parallel plane similar to M can be used to determine the 
value of the rotor slip at any supply frequency.
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3 .6 Conclusions
Similar performance equations to those used in 
the standard equivalent circuit can be derived and 
applied for the new equivalent circuit. All the changes 
in the equivalent circuit parameters at different supply 
frequencies can therefore be related to the output 
performance characteristics. The effect of the satura­
tion of the yoke of the machine on the performance 
characteristics up to 110% of the rated applied volts- 
per-hertz results in a reduction in the output torque. 
This reduction in torque increases as the rotor speed 
approaches the synchronous speed and increases even 
further with higher values of the supply frequency.
electrical power input
stator core loss power transferred
+ " copper " across the air-gap




Fig. 3.2a. power flow dia. in statement form
Pi=q,v,i,cos0 ,
Pc - Pj=Pay real part of z /^s)
= TW;
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Fig.3.2b power flow dia. in equation form
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CHAPTER 4
COMPARISON AND HARMONIC ANALYSIS OF THE PULSE WIDTH 
MODULATED INVERTERS WHEN FEEDING INDUCTION MOTORS
Summary
The additional losses due to harmonic frequencies 
of the predetermined and postdetermined (slit width) PWM 
techniques are calculated and compared whilst operating 
under the same given conditions. Using a digital computer, 
the conditions of the postdetermined PWM technique is set 
so that there are an integral number of pulses in each 
half cycle of the supply frequencies. The Fourier series 
analysis is then applied to calculate the harmonic 
content and the percentage of the total power distributed 
in the unwanted harmonics when supplying an induction 
motor. The predetermined PWM technique is also set to 
produce the same modulation, fundamental frequency and 
output power. Its harmonic content and the percentage of 
unwanted harmonic power are calculated and compared with 
those obtained from the first technique.
The effect on the additional losses caused by 
changes in the induction machine parameters due to 
modulation and harmonic frequencies are also determined. 
Firstly by using the standard equivalent circuit of the 
induction motor as the load and secondly by using the 
new frequency dependent equivalent circuit as the load.
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4.1 Introduction
The history of the power converters since the
beginning of silicon controlled rectifiers (SCR's) for
variable frequency drive systems | is reviewed. The
application of SCR's in d.c. to a.c. converters resulted
in various inverter designs. Each type of inverter has
its own advantage and disadvantage. The stepped wave
inverters are generally known to produce output voltages
with higher harmonic content, yet|acceptable for many
applications. The pulse width modulated inverter on
the other hand, produces output voltages with much less
4 1harmonic content, at the cost of circuit complexity * .
Furthermore developments in power transistor tech­
nology have made it possible to obtain inverters of up 
to 20 KW and more outputs 4.2,4.3^ applications such
as a.c. electric drive systems for road vehicles, the 
efficiency of the system is the primary goal of any 
design engineer. Employing thyristors in such a system 
would result in a poor efficiency, mainly due to the loss 
of energy required for commutation circuitry. Obviously 
the power transistor is best suited to such systems as 
efficiencies of 95% or more are possible. The harmonic 
voltages at the inverter outputs give rise to additional 
losses in the machine. The introduction of these 
additional losses is one of the factors of the reduction
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in the efficiency of the overall system. Various 
techniques have been developed for eliminating some 
selected number of harmonics to reduce the additional 
losses " 4-7.
Recent advancements in semiconductor switching
devices and the introduction of large scale integration
have made it possible to synthesise good sine waveforms
at an acceptable cost and with good reliability. A
large scale integrated circuit has been developed
specifically for use in three-phase induction motor speed
4 8 4 9control systems ' ' ' . These integrated circuits 
provide three complementary pairs of output drive wave­
forms which when applied to a six-element inverter 
(transistor or thyristor) produce a symmetrical three- 
phase output (120° apart).
The three output waveforms are pulse-width modulated, 
both edges being modulated such that the average voltage 
difference between any two of the three output phase 
(line to line) voltages varies sinusoidally. The relation­
ship between the average voltage and fundamental frequency 
of this output is inherently linear, but separate control 
of voltage and frequency is possible if required (eg. to 
boost motor voltage at low frequencies). These integ­
rated circuits use digital techniques entirely, so the 
repetition frequency of the PWM signal is always an exact 
multiple of the fundamental output frequency. This 
results in excellent phase and voltage balance and 
consequent low motor losses.
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Also the modulation frequency is held within a
frequency band of constant width by changing the number
of pulses per cycle. This minimises pulsating torque
4 10problems at low frequencies
In this chapter two popular and highly efficient 
pulse width modulated inverters which are in wide use 
in industry are selected for harmonic analysis and 
comparison of their output efficiency when feeding a 
variable speed induction motor. The level of power 
losses in the harmonics are calculated using the 
frequency dependent model of the induction motor which 
is obtained in the previous chapters.
The modulation technique involved in the first 
inverter type is a sine wave envelope and an isosceles 
triangle waveform, which are mixed by means of compara­
tors to produce a train of pulses whose spacing is equal
to, and width proportional to, the integral of the sine
4.11wave ‘ . The second method of modulation is slit
width, also known as a servo amplifier type inverter.
This technique uses a limiting band either side of the 
sine wave. The current in the power transistors is then 
forced to follow the sine wave within the band by switch­
ing the positive and the negative d.c. supply across the 
inductive load. These two techniques are capable of 
producing output waveforms very similar to the sine wave.
A similar Fourier series analysis of references 4.5,4.6 
applied to the first inverter type and its output harmo­
nics voltage equations derived and analysed. A new
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analysis technique is developed to analyse and determine 
the harmonic voltage equations of the second type of 
inverter. The load, time constant and boundary limits, 
are used to determine the harmonic voltage equations.
This is done as follows. The load conditions are assumed 
to be adjusted so that there is an integral number of 
pulses in each half-cycle of the supply. The synchron­
ised and locked in phase condition is used so that both 
techniques are operating under the equal conditions. In 
the case of non-synchronised systems the pulse repetition 
pattern over several cycles can still be identified and 
Fourier series analysis can be applied to determine the 
output harmonic content. This hardly produces any 
significant difference in the harmonic content for a 
given number of pulses per cycle. Therefore, for the 
simplicity of achieving equal running conditions for the 
comparison of both techniques, the synchronised and locked 
in phase case is assumed.
With the aid of a digital computer the models of 
these techniques are constructed and used to calculate 
their efficiency in delivering an equal amount of power 
into a given load under the same conditions. That is the 
output waveforms of both contain equal numbers of pulses, 
equal fundamental frequency and produce equal line 
currents.
All the efficiency calculations are based on the 
values of the total input power supplied to the machine 
and power distributed in the harmonics only. The losses
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in the inverter system such as switching losses in the 
power devices, commutation networks etc. are not con­
sidered, because these losses have a relation to the 
nature of the load when delivering a given amount of 
output power. The normal losses in the machine due to 
fundamental voltage are not considered either ie. the 
total losses in the machine if it was running from a 
pure sine wave supply system.
The new equivalent circuit of the induction motor 
is used as the load and the efficiencies of both inverter 
systems are computed and compared.
The additional losses due to harmonic voltages 
are generally determined from the analysis of the stan­
dard equivalent circuit of the induction motors 4.12,4.13 
The application of the standard equivalent circuit does 
not give the correct values of these losses. Because the 
equivalent circuit parameters change considerably with 
the order of the harmonics and consequently the magnitude 
of these losses. Therefore the additional losses are 
also computed by using the standard equivalent circuit as 
the load and are compared with those obtained from the 
new equivalent circuit. The difference between the two 




The announcement of the silicon controlled 
4 14rectifier ’ in December 1957, instituted a new area 
in the field of electric power conversion. Almost 
immediately attention was focussed on the application 
of this device in the inversion equipment. In the past 
induction motors have been considered primarily as 
constant speed machines, and the great majority of 
their applications have been in constant frequency 
systems. The advent of modern-high-current transistors 
and SCR's and their use in inverters and cyclo converters 
has brought to an end the time when an induction machine 
was limited to constant speed service. These solid- 
state frequency converters supplying power to induction 
machines are now being used in many applications which 
previously have been the sole domain of the d.c. machines.
The induction motor is expected to have the follow­
ing advantages over the commutator motors:
(a) there are no brushes to change,
(b) there are no commutators to inspect,
(c) there are no brush holders and mechanism
to check,
(d) there is more output for the same volume
or less weight for the same output, 
because the induction motor can be driven 
at high speeds,
(e) restrictions relating to peripheral speed
of the commutator and also the reactance 
voltages in the rotating windings do not apply
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Commutator motors which are already highly 
utilized at rated speed can often not supply rated power 
up to maximum speed because the reactance voltages 
become too great. There is no such restriction with 
induction motors. In plants with aggressive atmospheres 
and liquid chemicals it is preferable to use the squirrel- 
cage motor instead of d.c. machines. Also induction 
motors are lighter and their design is considerably less 
complicated than that of the d.c. motors.
Power inverters can be classified into different
categories depending upon the commutation technique 
4 15used * . They can also be divided into two catego­
ries with reference to the output wave shape as "stepped 
wave inverters" and "multiple pulse width modulated 
inverters". Each type of inverter has its own advant­
ages and disadvantages. In the case of the stepped wave 
inverters circuit complexity is less, output voltage is 
sufficient for many applications, but the total harmonic 
distortion may be objectionable in some cases. In 
applications such as communication equipment, the 
inverter output waveform must be stabilized as well as 
distortion free 4.16,4.17^ The multiple pulse width 
inverter has credit for low harmonic distortion and on 
the debit side are the circuit complexity and limited 
output voltage. The multistepped output waveforms are 
generally obtained by use of transformers, but this can 
also be done by simply arranging the control of logic 
signals 4-18^
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There are three methods of modulating the pulse 
width of inverter output voltage waveforms. Each 
technique involves the use of one or more synchronised
carrier ratios. The ratio referred to is carrier
frequency to inverter operating frequency. The three 
modulation control schemes are:
(a) fixed ratio,
(b) variable ratio, and
(c) adaptive ratio.
In the fixed ratio system the carrier ratio remains 
constant over the operating range of the inverter, whereas 
in the variable ratio scheme the carrier steps through a 
sequence of ratios as the operating frequency increases.
In the adaptive ratio carrier, changes are made on
the basis of direct carrier period measurement in the
output voltage waveform. The control automatically adjusts
the carrier ratio to take care of all possible limiting
combinations of pulse width, notch width and carrier
frequency. In the process it maintains a high carrier
frequency, thereby considerably reducing undesirable
4 19harmonics throughout the operating range
In applications where low speed operation is not of 
interest, and power requirements are modest, the square- 
wave voltage inverter operating from an adjustable d.c. 
voltage thus continues to have advantages over more 
sophisticated and hence more complex and costly pulse 
width modulated designs. Square-wave inverters can be 
categorized in a number of ways including type
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of commutating circuit, single or multiple grouping,
type of d.c. power source, fixed or adjustable frequency
etc. Although the conduction period of square-wave can
be fixed at any interval ranging from less than 90° to
180°, it is particularly advantageous to fix the interval
at 120° or 180°. The 120° and 180° square-wave inverters
are in wide use. The machines supplied by 120° inverter
will run at higher slip than one supplied with 180°
inverter from a given d.c. source. Thus for a constant
force, power application losses will be high when the
machine is fed from a 120° square-wave inverter supply
4.20system
The conventional three-phase constant frequency
source can be inverted directly to variable frequency
output, whose frequency becomes the difference between
the conventional supply frequency and continuously cont-
4 21rolled frequency
The rectifier-inverter drive system is generally 
equipped with a filter between the rectifier and the 
inverter. Energy can be stored in the inductance and 
capacitance of the filter. The interchange of energy 
between the filter component and magnetic field and 
rotor of the machine can cause the rectifier-inverter 
induction motor drive system to become unstable at low 
operating frequencies. From the machine equations, the 
small-displacement equations can be established, which 
predict the average value of the converter variables.
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(The small-displacement theory has had a long and
productive history in analysis of electric machinery.
This theory enables one to establish linear equations
which describe the operation of a system for small
changes about an operating point). Then stability
analysis can be performed by employing the Nyquist
stability criterion to study the influence of changes
in several machine parameters, filter parameters and
4 22rectifier commutating reactance , * . Several instabi­
lity boundaries for various parameters of the current
source inverter using Routh-Hurwitz criterion are also 
4 2 3
described
The rectifier-inverter induction motor drive
system can be represented in a synchronously rotating
frame by neglecting the harmonic component due to
switching action in the rectifier. From this simplified
representation, the operation of the inverter can be
expressed analytically in the synchronously rotating
reference frame with the harmonic component due to
4 24switching in the inverter included
With the introduction of cheap high voltage tran­
sistors of 10 amp or more rating, it has become feasible 
to produce a suitable power servo amplifier using the 
transistors in a switching mode to reduce power dissipa­
tion. The time required to switch the power transistors 
off is considerably less than the SCR's and switching 
frequencies of up to 10 kHz or more are possible 4.2,4.3
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Thus the carrier frequency of the pulse-width modulated
inverters can be increased considerably in order to
reduce the harmonic content of the output waveform.
The applications of the power transistors makes it also
possible to employ other methods of pulse modulating
4 25such as delta-sigma modulation * . This technique is
well known in communication systems and extensively used 
for the transmission of speech signals. With a sine wave 
input, the output of a delta-sigma modulation is quan­
tised both in amplitude and in time, and this permits 
power control to be achieved from a fixed d.c. supply 
using only a single power controller.
In inverters using SCR's, achieving a reliable 
commutation is generally one of the most difficult 
problems associated with inverters. Usually the 
inverters are classified according to the type of commu­
tation circuit they possess, such as parallel-capacitor 
commutated, series-capacitor commutated, harmonic- 
commutated, impulse-commutated etc. 4.15,4.26^
Inverters employing self and harmonic commutation, or 
self controlled with an internal self oscillation circuit, 
which generates gate triggering signals, operate in the
critical commutation region and are generally suited to
4 27 4 28fixed or moderately variable frequency applications ' ' 
Various commutation circuits have also been developed 
for different applications, such as providing higher 
commutation voltages than the d.c. bus for wide ranges of 
load and speed etc.,^ .30,4.31_
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Current source inverters, such as those with a
4.32large series inductance in the d.c. bus * have an
inherent current limited characteristic. Certain
voltage source inverters, such as the d.c. side commu-
4 33tated inverter ’ , readily handle overloads by simply
commutating all load SCR's off whenever the load current
approaches the commutation limit. Other voltage source
inverters, particularly PWM*inverters using the McMurray-
Bedford commutation circuits, cannot rapidly turn all
the load SCR's off and on to regulate the peak load
current below the commutation limit. These inverters
are not inherently current limited but are characterised
by a relatively low output voltage response time. This
low response time can be used to provide a quasi-
inherently current limited or current source character-
4 34istic for PWM inverters with induction motor loading
The pulse width modulated (PWM) inverter has, for 
a number of years, offered distinct advantages at the 
expense of more complex control and power circuit con­
figurations over other inverter types for industrial 
motor drive systems. With the advent of the fast turn­
off thyristor and advances in PWM modulator techniques, 
the PWM inverter now offers applications up to and above 
200 Hz 4.35,4.36^ Pulse width modulation essentially 
involves the sampling of an information signal. This 
sampled information content is then converted into a 
series of modulated pulses having pulse widths that 
reflect the amplitude of the information signal, and it
* Pulse Width Modulation Inverter
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is generally recognised as having the following 
advantages.
(a) The inherent ability to provide continuous
variable-frequency-variable voltage 
control in a single power stage.
(b) In contrast to the variable d.c. link
inverter, the commutating ability of
the PWM inverter remains substantially 
constant irrespective of the voltage- 
frequency setting. This is a signifi­
cant advantage for motor-speed control 
applications, where it is generally 
necessary to maintain substantially 
constant flux conditions over the complete 
frequency range of operations.
(c) The control strategy can be programmed to
eliminate the significant harmonics in
the voltage output. This is a significant 
advantage for motor applications, where 
harmonic losses can produce considerable 
overheating, and where harmonic torques 
cause instability problems during low 
frequency operations.
By examination of the frequency-spectra of the
PWM and PAM it is apparent that more harmonic distortion
occurs with PWM than with PAM for the same frequency
ratio and also this distortion and harmonic order decreases
4 37with the increasing value of the frequency ratio
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The complexity of the logic circuit employed
to generate sine-weighted pulse trains for PWM control
schemes is reduced considerably by the introduction of
4 8ROM's (Read Only Memory) * . The memory arrangement 
is such that four pulse trains, with fixed phase differ­
ences between their modulation envelopes, are produced 
to control single, two or three phase motors.
In general the inverter output waveforms are rich 
in harmonics. Many techniques have been developed to 
reduce the harmonics in the inverter output. The pulse 
width modulation technique is presently the most popular 
and economical method of voltage and frequency control. 
Methods employing multiple inverters in parallel have 
also been developed. Some versions incorporate harmonic
elimination schemes to achieve a nearly sinusoidal 
4 38 - 4 41output * ’ . The output harmonics can also be
obtained as a function of pulse width and pulse frequency
and output frequency, when they are operating in synch- 
4 7ronous mode * , by applying double Fourier series 
4 42analysis * . The reduction of harmonic components
reduces the pulsation torques considerably at low frequency 
ranges. The presence of these torques becomes trouble­
some in applications such as machine tool, antenna 
positioning etc., 4.43,4.44^
Extensive work has been done on the performance 
analysis of induction motors driven by the square-wave 
inverter supplies under balanced and unbalanced conditions, 
techniques of transforming some of the trapped energy in
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the commutation circuits, comparison of the changes in
the line currents when the machine is supplied with sine
wave and square wave, and their various analog model
representation forms are available in the litera-
ture * ' . There are also many techniques
available to deal with problems arising from miscommuta-
4 55 4 56tion or SCR failure, without the need for shutdown * '
During the past several years, interest in the
development of a.c. electric drive systems for on-the-
road vehicles has increased substantially. Numerous
studies have been made of the feasibility of electric
propulsion systems, employing power inverters for driving
4 57 4 64a.c. machines rather than d.c. commutator motors '
There are two basic types of a.c. motors which could be 
considered for the transport application - synchronous 
and induction.
The squirrel-cage induction motor is a proven 
industrial work force which can be given the required 
torque/speed characteristic when operated from the 
variable voltage and frequency of the inverter. The 
synchronous motor, in a transport application, requires 
a means to excite the field at all speeds, including 
zero speed. One method of excitation, which is often 
used is to excite a coaxial transformer from the stator, 
or rectify the voltage induced in the secondary with 
rotating diodes, and to supply the rectified output to 
the rotating field winding. An alternative method using 
a solid rotor inductor of Lundell type generator is
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sometimes considered because of its stationary field 
winding, but the greater weight and rotor construction 
problems usually cause this alternative to be less 
attractive.
The induction motor is better suited to this 
application since it provides lower cost, higher 
reliability and better maintainability for the overall 
system. The pulse width modulated inverter appears to 
be the best for this application, because it has the 
following advantages:- low harmonic content in the 
output waveform, voltage and frequency control requiring 
simple control circuitry, the capability of bidirectional 
power flow without any reconnection ie. power can be 
caused to flow from d.c. source to the car for accelera­
tion or from the car to the source for deceleration.
4.3 General Technique of Harmonic Analysis for Stepped- 
Wave Output Inverters
The stepped-wave outputs are generally produced by 
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The control angles of the corresponding thyristors are 
arranged such that, they connect two terminals of the 
load alternatively across the positive and negative 
supply shown in figure 4.1(b). The harmonic content 
of the output waveforms can be contracted to a desired 
value by increasing the number of voltage steps at the 









Consider the voltages obtained at points A and B 
shown in figure 4.2 with various control angles (180°, 









Applying Fourier series toi V vraveforms we have.
I A
V  = — fSinet %Sin38 + rSin56 + ...] 
A  'FT ^ j  3
IsinRA 4- . -.1  (4.1)
All Cos terms and even values of Sine terms are equal 
to zero due to a new symmetry of the waveform about 
T/2.
Similarly:
Vg — ^ [ s i n (0 - =) + “Sin3(0 - «) + ^Sin5(0 - «) + . ..]
 (4.2)
Now:
 ^ [ Sin0 — Sin(0 ~ *^) j + g^Sin30 — Sin3(0 — °=)j
+ “[sin50 — Sin5(0 — «=)] + . . . ^
= — [ Sin- Cos (0 - z) + ^ Sin^Cos3(0 - %)
+ ^Sin~Cos5(0 - 2  ^ + ...]
In general:
V* - Vn = 1 Sin(2n - 1) Cos(2n - 1) (0 - )^8EA 'B (2n - l)iT - /  2 2
n
 (4.3)
where n = 1, 2, 3,
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4.3.1 Analysis of Three-Phase Stepped Wave Output 
Inverters
The three-phase inverter is obtained by employing 
three basic inverter circuits. The output waveforms 
of these inverters are made 120° out of phase with 
each other. The phase to phase voltage relation is 
obtained by simply equating the phase angle = 120° in 
equation (4.3). Thus we have:
^   ^ ij' Sin(2n - 1) j.Cos(2n - 1) (6 - )^
n
  (4.4)
From the term [ Sin(2n - 1)^ ] it is evident that all the 
harmonics of order three and multiples of three become 
zero.
4.4 Analysis of Inverters with Adjustable Output Voltage 
by Chopping Technique also known as "Sub- 
Oscillation"
The output wave from the inverter is modulated by 
means of chopping with a much higher frequency, and then 
the width of these chops are varied to obtain the desired 
output voltage level. The techniques used to modulate 
the inverter outputs for asynchronous machine applications 
are normally as follows:
(a) inverters operating in linear sub-oscillation,
(b) inverters operating in sinusoidal sub­
oscillation,
(c) inverters operating in non-sinusoidal sub­
oscillation.
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4.5 Analysis of Inverters Operating in Linear Sub- 
Oscillation
In the linear sub-oscillation technique the output 
waveform of the basic inverter shown in figure 4.1(a) 
is modulated with a constant frequency and variable 
pulse width. The maximum number of pulses is a comp­
romise between allowable commutation losses in the 
thyristors and the desired harmonic content of the 
inverter output waveform. Consider the basic three 







Now each basic inverter circuit is modulated with (3S) 






















Let be the period of sub-oscillation. This period is 
related to T, the period of main output frequency, by 
the relation;
To = ^  —  (4.5)
Where 3S is the number of sub-oscillations within the 
main period of each inverter, and the value of (S) 
depends on the range of operating frequency, amplitude 
of harmonic content etc., let K be the ratio of pulse 
duration to its period.
ti t^
K = = =7^  —  (4.6)
Considering the equation (4.3) one can immediately 
write an expression for as:
= 2  5 3  (2H - r ^ S l n ( 2n - l ) K ^ C o s ( 2n - 1)
x = l  n
2 IT Ktt 1 
3S ” 3sJ8 - (# - 1)^ 777 -  (4.7)
easily reduced to:
^ . ftp Sin(2n - 1 ) K ~
3S
^8 + (1 - K) ^  - i j   (4.8)
Thus all harmonics of order 3 or multiples of 3 are 
equal to zero.
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4.6 Analysis of Inverters Operating in Sinusoidal 
Sub-Oscillations
This technique involves modulating the output 
waveform with a train of pulses whose width varies in 
such a manner that their average value follows a 
periodical sine wave. If this train of pulses is 
applied to an inductive load such as an induction 
machine, the current in the stator will be built up 
while the pulse width increases, falling as soon as 
the pulse width starts to reduce. Thus, if the width 
of these pulses is varied proportionately with the 
amplitude of the reference sine wave, the stator current 
will also follow the sine wave and hence the machine 




There are two popular techniques of modulating the 
inverter output in this fashion. The first technique 
involves a sine wave whose frequency determines the 
inverter output frequency and a triangular wave or saw
—9 8—
tooth with a much higher frequency. The frequency of the 
sawtooth or triangular waveform is a compromise between 
the allowable commutation losses and the required reduc­
tion in the harmonic content, similar to linear sub­
oscillation technique. The comparator is then used to 
mix an isoceles triangle or sawtooth waveform with the 
reference sine wave to produce the modulation pulses.
The spacing of these pulses are virtually equal ie. their 
frequency is equal to the frequency of the sawtooth or
triangular waveform, and their width is proportional to
4 11the integral of the sine wave
The second technique involves monitoring the stator
4 8current and comparing it with a reference sine wave ’ '
4 9 This is done by setting boundary limits either 
side of the sine wave known as the slit width or dead 
zone. Again comparators are used to switch the positive 
or negative supply across the input terminals. For 
example, suppose the machine has just been switched on, 
the stator or the load current being zero at this instant, 
the comparator will react to the value of the reference 
sine wave, and depending on its magnitude will switch a 
positive or negative supply across the load. This supply 
will stay across the load until the load current rises 
outside the slit width. Immediately this happens the 
comparator senses the difference and switches the load 
from this supply rail to the other rail. This action 
continues as long as the reference sine wave is present. 
The resultant train of pulses are very similar to those
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obtained from the first technique, where the widths of 
the pulses are varied proportionally with reference to 
the sine wave. But the frequencies of the pulses are 
no longer equal and their average value depends on 
many factors such as slit width, load condition and 
magnitude of d.c. supply etc. Whereas the modulation 
frequency of the first technique is always equal to the 
triangular waveform frequency.
4.6.1 Analysis of Inverters Using Triangular Waveforms 
to Generate the Modulation Pulses
If one considers an inverter of the type shown 
in figure 4.1(a) and determines the firing angles by 
comparing the command sinusoidal wave and a reference 
sawtooth waveform shown in figure 4.6(a), which will 
produce an inverter output voltage waveform as shown 
in figure 4.6(b). The output waveform consists of a 
series of pulses of variable width, whose mean value 
periodically follows the law of sinusoidal equivalents. 
The maximum value of the width depends on the magnitude 
of the fundamental voltage of the inverter output.
Let T^ be the period of the sawtooth waveform. 
This period is related to the period of the output 
voltage T by the following relation:
where S* is even multiples of three.
—loo—
The control sine wave can be represented as:
= rVg Sin 8  (4.10)
where r is the ratio of the sawtooth amplitude to the 
sine wave amplitude and its value is always less than or 
equal to unity r < 1, the rectangular pulses appear at 
the output with instants defined as:
where = 2 , 3, 4, .... 
and they end at instants defined as:
®Sj  (4.12)
The width of each pulse is defined by the following 
relationship, see figure 4.6(a).
Vg
rV Sin(0 + A0 ) = — . A0q,  (4.13)S SJ Sj 2^ SJ
This can be reduced as:
Vg







TIf the ratio of —  is very large then the value of
CosAQc, approaches to unity and SinA0 , approaches to 
SJ SJ
A8 , thus from equation (4.14) we have:
1 - r 2 tt
1 - r|fcoseg






Now considering equation (4^7) one can write an 
expression for the voltage between two phases as:
VAB
8E
(2n - 1) Sin
j=l n
A0
(2n - 1) Sj Cos(2n - 1)
A0
'sj - I#'- (J - - 2
Sj   (4.16)
The modulation mode shown in figure 4.6 is not the only 
possible one. This is characterised by a fixed ratio 
of output voltage frequency to the sub-oscillation 
frequency, which avoids the introduction of sub-harmonics 
of fundamental frequency, which can cause machine 
instability. Furthermore the working condition is 
limited by maintaining the number of pulses to an 
acceptable level by taking into consideration the loss 
that occurs during each commutation.
If the frequency of the reference wave (symmetrical 
or asymmetrical triangular waveform) is kept constant, and 
the frequency of the control sine wave is varied, the 
output voltage will contain these two frequencies. The 
fundamental will appear in phase with the frequency of 
the control sine wave and harmonic components whose 
magnitudes are greatest at frequencies approaching 
multiples of the reference waveforms (triangular in this 
case). One can find an expression in general form for 
the output voltage by considering the asymmetrical
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triangular wave; in which the starting point of each 
ramp constitutes a reference point which repeats period­
ically; and for the symmetrical triangular wave whose 
peaks constitute the reference point also repeating 
periodically (shown in figure 4.7). This allows one 
to define the reference points shown by dotted lines in 
figures 4.7(c) and (f).
As shown in figure 4.7(c) the control angle for 
the asymmetrical case varies between + t t  and -it according 
to the level of control sine wave, and + t t / 2  to - w / 2  for 
one side of the symmetrical reference signal and - t t / 2  
to + 7 t / 2  for the other side.
For a constant level control signal rV^ for 
asymmetrical reference we have:
2 V ^ ( 0  -  tt) = rV^  (4.17)
where O < 0 < it
From equation (4.17) the control angle “ is given by:
œ = IT (r + 1) - IT = TTr  (4.18)
Thus one can write the following expression in general 
for the output voltage in terms of its harmonic as:
= rE + y —  Sin(n0) + /  —  Cos n it [sin (nr-n) Co s (n0 )
/  J nTT /  V  niT *'
n=l n=l
- C o s (nr-iï)Sin(n0)]   (4.19)
Also similarly for the symmetrical case we have:
2V (0 - %) = ry  (4.20)
r 2 1 r
where O < 0 < tt
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Thus the control angle can be defined as;
±“ = (r + 1)| - I = r|
“ = ±r^  (4.21)
in the case considered, positive sign applies for the 
left side and negative sign for the right side shown 
in figure 4.7.
Similarly the output voltage can also be written 
in general form as follows:
= rA E + “  Cos n 0 Sine j^Sin(~^) Cos C^) "
n=l
Cos(S|2.)sin(îj)l   (4.22)
where Sin(^) = 0 for even values of (n)
and Cos(~) = 0 for odd values of (n)
But the magnitude of r varies sinusoidally with time. 
Thus the control angle for the asymmetrical case becomes
= TTr(t) = TT.r(0g) ---(4.23)
Similarly for the symmetric case reference signal the
values of the control angles become:
~ +r(t) '^ ---(4.24)
«2 = -r' (t) —  (4.25)
where, in general |r(t) | | r '(t) |
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or oc = 7T.r.Sin0g asymmetrical reference  (4.26)
00 = ±|.rSin0g symmetrical reference  (4.27)
now if we introduce new values of these control angles 
in equation (4.19) and (4.22) we have; 
for the asymmetrical case
n=
V, = r.E Sin0_ + \  ^ —  < Sin(n0) + Cos nTrlsin (nrir .Sin0^) 
A s /  nTT I L
n=l
Cos(n0) - Cos (nr-iï Sin (n0)   (4.28)




V = r.E.Sin0 + ^  ^  Cos (mr) Cos (n0)
O  Æ  M ii TT
Cos( Sin(^.r.Sin0g ) - Sin( — ) C o s (^-r Sin0gjJ
  (4.29)
if now Bessel functions of the first order are introduced 
to the equations (4.28) and (4.29), we have;
K = + o o




Cos(#Sin8) = ^   ^Jj^(ic)CosK6  (4,31)
K = - o o
for the asymmetrical case one obtains
= r.E.SinGg + Sin(n0) -
n=l
K = o o
> 1)^  -Sin(n0 - K 0g) -
K=1
K = o oXV — ^  \
^ (-1)^ J ^  (nwr) •Sin(n0 + K 0g)j
K=1
for the symmetrical case one obtains:
  (4.32)
V, = r.E.Sineg + TtIïïM
n'=l K=1,3,5
Sin(2n'0 + K0_) - Sin(2n'0 - K0_)
Ê 4En(2n' - 1)
n ' =1
(2n' - 1) Y
+ 00
Cos(2n' - 1)0 +E K (2n ‘ - 1) Y
K=2,4,6
^ Cos ^ (2n' - 1)0 + K 0g I + CosJ  j^(2n' - 1)0 - K0.
  (4.33)
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The equations (4.32) and (4.33) are used to calculate
the frequency spectrum of both cases with an amplitude ratio
f
of r = 1  and a frequency ratio of ~  = 18. This is shown
s
in figure 4.7a, when supplying a balanced three-phase load.
The amplitudes of the lower order harmonics are greater 
in the asymmetrical case. This is because the asymmetrical 
modulation technique carries the modulation information by 
the trailing edge only. Whereas in the symmetrical case 
the information is carried by the leading and trailing edges 
of the pulse. The symmetrical case is also used in later 
sections for comparison with the inverters using the load 




















Figure 4.7(a) The Frequency Spectrum of the Symmetrical
and Asymmetrical PWM Techniques
(— ) symmetrical 
(*•.) asymmetrical
fr/f^ = 18 
r = E = 1
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4.6.2 Analysis of Inverters Using Inductive Load 
Currents and Boundary Limits to Generate 
Modulation Pulses
In this technique the width of the modulation 
pulses are also determined by a sinusoidal law. The 
inverter switching intervals are determined by comparing 
the load current with a reference sine wave within a 
given boundary. Thus, the firing angles of the 
inverter's switching devices are produced in such a 
manner that the load current follows the reference 
waveform. Usually the power devices switch alternatively 
between positive and negative supply rails, but this is 
not the only case, and it depends on the type of logic 
arrangement that is used to determine the firing angles.
In the previous technique the triangular waveform 
is compared with a sine wave to determine the firing 
pulses. The width of the pulses are varied according 
to sinusoidal law, but pulse repetition frequency is 
always constant and equal to the reference triangular 
wave frequency. But in the inverter of this type, also 
known as a slit width amplifier, the pulse width and 
pulse repetition frequency are varied and their value 
depends on the magnitude of the reference waveform and 
boundary limits, also known as the slit width or dead 









t E te * 5
1 - e
_
= I.Sine ± DZ ---- (4.34)
where is the load time constant and is given by T_ = -
L i L i L i
and t at any instant is given by: t =  (4.36)
-llOa-
is the magnitude of the reference current, is 
half the value of the dead zone and I is the initial
L(0 )
value of the load current.
Suppose that the value of the dead zone is such 
that it produces an integer number of pulses per cycle 
such as the one shown in figure 4.8. Thus when 0 is 
equal to zero the initial value of the load current is 
also zero.
Therefore we have:
1 - e = I^Sin0 + Dg   (4.37)
= k:
t 0/27tF 0
where K' is constant and equal to T^.w
Substituting —  by —  and expanding equation (4.37) in 
series form we have:
I k = I 3:
+ D, —  — ( 4.38)
In general, equation (4.38) has an infinite number of 
roots. Depending on the accuracy required, the higher 
orders of the 0 can be neglected to reduce it to some 
manageable form. It must be remembered that the value 
of 0 has an appreciable effect on the order of the 
series. Thus at any instant the magnitude of the load
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current can be found as an initial value for the next 
switching point (0).
Hence the load current and its harmonics in general




Sin(n82m-1 ” }   (4.39)
where m is the number of switching points per cycle.
4.7 Program Description of Inverters Using Triangular 
Waveform as Reference
The majority of power inverters employed in the 
industry today are based on the technique of comparing 
triangular waveform with a sine wave to produce the 
necessary switching angles. To study the behaviour of 
such systems the following digital computer program is 
developed to produce the necessary characteristics.
The flow diagram of the system is shown in figure 4.9.  
The program consists of three main parts. The first 
part of the program takes two reference waveforms 
(triangular and sine wave) and compares them to produce 
the switching points. The Newtons' formula (4.40) with 
a higher degree of accuracy is used to calculate the 
common root of the two waveforms in time axis.
Newtons formula “ ^n ~  (4.40)
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Then by applying Fourier series analysis, the resultant 
switching points over a cycle are analysed in the second 
part of the program and the amplitude of all the 
harmonics are computed.
The third part of the program computes the amount 
of power distributed in each harmonic, when supplied 
across the terminals of an induction motor. Finally 
the percentage of the total power distributed in each 
harmonic plus the efficiency of the system is computed.
The program also includes the following facilities:
(a) it can compute the efficiency of the inverter
using the standard induction motor equiva­
lent circuit or the variable frequency 
equivalent model obtained in the previous 
chapter,
(b) it can compute all the necessary character­
istics at any supplied frequency and any 
number of pulses per cycle. Also the 
amplitude of the reference wave which 
determines the amplitude of the fundamental 
frequency can be set at any value to control 
the amplitude of the fundamental output 
voltage and compute the necessary character­
istics.
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4.7.1 Discussion of Results
The ratio of fundamental output voltage to 
reference sine wave approaches to unity as the number 
of pulses per cycle increase ie. for jinfinite number 
pulses per cycle, the level of fundamental output 
voltage is equal to reference sine wave. There is a 
linear relationship between the amplitude of the 
reference sine wave with any value of the amplitude 
of the fundamental output voltage. The ratio of the 
two amplitudes becomes greater than unity as the number 
pulses per cycle are reduced and also this ratio becomes 
even greater as the amplitude of the reference sine 
wave becomes smaller than the amplitude of the triangular 
waveform shown in figure 4.10. The relationship between 
the number of pulses per cycle and the amplitude of the 
fundamental waveform (in dB's) is also shown in figure 
4.11 and approaches to unity (O dB) as the number of 
pulses per cycle increases. This is due to the reduction 
in the number of pulses per cycle, which results in 
greater harmonic content at the output voltage, and the 
poorer efficiency shown in figures 4.12 and 4.13.
Thus for a given fundamental output power, the 
inverter output contains more power in the pulses over 
a cycle, the fewer the number of pulses, see figure 4.14. 
The level of the unwanted harmonics remains almost constant 
for all values of the reference sine wave amplitude as 
shown in figure 4.15; consequently the power contained in
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the fundamental output voltage becomes proportionally 
less of the total inverter output power as the ampli­
tude of the reference sine wave is reduced. This results 
in a reduction in the efficiency of the inverter.
4 .8 Program Description of Inverters Using Load Current 
and Boundary Limits to Generate the Modulation 
Pulses
The digital program of this inverter involves the 
switching of the supply rails across an inductive load 
(equivalent circuit of the induction motor) where the 
polarity of the supply depends on the previous value of 
the load current. The program starts with a reference 
sine wave of rotational angle at zero degrees radians 
and zero initial load current. The inverter switches 
positive and negative supplies across the load in such 
a way that the load current rises exponentially towards 
the value of the reference sine wave plus the value of 
the dead zone. As soon as both magnitudes become 
equal, the supply rails are reversed across the load.
Now the load current falls exponentially until the 
magnitude equals the reference sine wave minus the value 
of the dead zone. Switching of the polarities across the 
load continues and the load current is forced to follow 
the reference sine wave within the dead zone limits.
For a given load condition the dead zone is varied 
step by step until identical switching points over 0°-180° 
and 180^-360° are obtained. (The number of pulses from 
the positive supply during the first half cycle equals
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the number of pulses from the negative supply during the 
next half cycle). This ensures that the number of 
pulses per cycle are constant and locked in phase ie. 
identical patterns of modulation pulses are repeated over 
each cycle. Since the previous inverter operates with 
a constant number of pulses per cycle for any given 
condition it is essential to obtain a constant number of 
pulses per cycle, so their output harmonic content and 
efficiency can be compared when operating under the 
same conditions. There is a unique value of the dead 
zone for a given number of pulses over a cycle and given 
operating conditions. Once the required value of the 
dead zone is determined for any operating condition, 
the Fourier series is applied to compute the magnitude of 
the harmonic content of these switching points over a 
complete cycle. The power contained in each harmonic 
is also calculated and the total value over a large 
order of harmonics is used to compute the percentage of 
the input power in each harmonic. The percentage of 
input power contained in the fundamental frequency is 
the efficiency of the inverter operating under that 
given condition for harmonic losses only.
This digital program has also similar facilities 
as in the previous type such as changing supply frequency, 
load condition etc. The flow diagram consists of two 
parts. Part one searches for a value of the dead zone 
which produces a constant number of pulses per cycle and 
is locked in phase for a given load condition (flow
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diagram shown in figure 4.16). Part two uses the same 
input data as part one, the corresponding value of the dead 
zone, to compute all the required output data (flow 
diagram shown in figure 4.17).
4.8.1 Discussion of Results
For constant flux applications when supplying an 
induction machine with constant slip (shown in figure 
4.18) the amplitude of the fundamental voltage is 
linearly proportional to its frequency. Since for a 
given operating condition, the load time constant 
remains constant, the number of pulses per cycle falls, 
as expected, with an increase in the supply frequency.
Their relationship with a constant dead zone of about 
10% of the load current is represented in figure 4.18.
The reduction in the number of pulses per cycle at 
higher fundamental frequencies increases the level of 
the harmonic content at the inverter output as shown in 
figure 4.19. The consequent reduction in efficiency is 
shown in figure 4.20.
For any given operating condition the number of 
pulses per cycle increases exponentially with the 
reduction of the dead zone. Similarly with any other 
technique as the number of pulses per cycle increases 
the magnitudes of the harmonics falls and the total 
power contained in the pulses over each cycle approaches 
that of the power contained in the sine wave voltage.
These characteristics are represented in figures 4.21 to
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4.23. If the system is designed such that changes in 
the load current result in proportionate changes in the 
dead zone; the number of pulses per cycle remain constant 
for any changes in the load. The efficiency of the 
inverter system remains constant for any value of the 
rotor slip when feeding an induction motor, so long as 
the width of dead zone follows the line current propor­
tionally as represented in figure 4.24.
4.9 Effect of a Variable Frequency Induction Motor 
Equivalent Circuit on the Inverter Efficiency 
Calculations (Harmonic Losses are Considered Only)
The overall efficiency of any inverter type is 
mainly governed by the level of harmonic content at 
the output. The nature of the load also has an important 
part in the efficiency of the system, ie. if the load was 
pure resistance the efficiency of the inverter supplying 
such a load is only governed by the harmonic contents.
But as in loads such as induction motors, whose equiva­
lent circuit contains reactance as well as resistance, 
the amount of power distributed in each harmonic becomes 
smaller as the order of the harmonics increases with 
non-frequency dependent resistive and inductive parts.
In general:
2
where P = power in the nth harmonic 
n
= amplitude of the nth harmonic
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n = order of the harmonic
= resistive part of the load
= reactive part of the load at fundamental 
frequency
For a given operating condition of an induction motor 
fed from any inverter type the resistive and inductive 
part of the input impedance seen at the input terminals 
are frequency dependent (as given in the previous chap­
ters) . Employing standard equivalent circuit parameters 
rather than frequency dependent parameters results in a 
considerably different distribution of power in each 
harmonic. In the following sections, the efficiency of 
two main inverter types are calculated, with constant 
load parameters (standard induction motor equivalent 
circuit) and frequency dependent load parameters 
(frequency dependent induction motor model).
4.9.1 Efficiency Calculation of Inverter Type Using 
Triangular Waveforms as Reference
The digital program described in Section 4.7 is 
used to compute the percentage of the total output power 
in the fundamental voltage when feeding an induction 
motor. The efficiency of the system is calculated 
firstly using a standard induction motor equivalent 
circuit, and secondly using a variable frequency 
dependent model as the load. In both cases the induction 
motor is kept running with rotor slip at 10% and the 
results are shown in figure 4.25. The frequency of
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the triangular waveform is kept constant and the 
frequency of the sine wave which determines the main 
fundamental output frequency is altered from 50 up 
through 300 H z . There is a consequent reduction in 
the number of modulation pulses per cycle as the funda­
mental frequency is increased under the same operating 
conditions (ie. slip is kept at 10% throughout all the 
supply frequencies) using standard induction motor 
equivalent circuits. The efficiency of the inverter 
system is high at the lower end of the supply frequency, 
falling at the higher end due to an increase in the 
harmonic content. But using the variable frequency 
model, the overall efficiency is reduced and maximises 
at the mid-frequency. The reduction in the overall 
efficiency is because of the increasing value of the 
resistive part of the variable frequency model with 
the order of harmonics; it maximises as the resistive 
and reactive parts of the load at the fundamental 
frequency become equal.
Using either of the equivalent circuits as the 
load, the overall efficiency remains very high. The 
standard model leads to some higher results than those 
obtained in real life. Since the losses due to switch­
ing devices etc. are common for any model being analysed, 
they have been omitted in the analysis.
In addition since the level of the reference sine 
wave is used to control the amplitude of the fundamental 
output voltage, the efficiency of the inverter system
-119-
(operating with constant slip and fundamental frequency 
using variable frequency model) with various magnitudes 
of the reference sine wave differing number pulses per 
cycle are computed and shown in figure 4.26.
As the amplitude of the sine wave becomes smaller 
compared with the triangular waveform, the fundamental 
output voltage follows linearly whilst the level of 
harmonic content remains roughly constant represented 
in Section 4.7. Thus efficiency decreases for smaller 
values of amplitude of the reference sine wave. This 
effect becomes more serious with the reduction of the 
number of pulses per cycle.
4.9.2 Efficiency Calculation of Inverter Type Using 
Load Current as Reference
The digital program of Section 4.8 is used to 
compute the efficiency of this inverter type similarly 
to that of the previous one. The dead zone is kept at 
10% of the load current throughout the main supply 
frequencies ie. with reference to sine wave frequency 
of 50 up to 300 Hz. Thus, the number of pulses per 
cycle lessen as the fundamental frequency approaches 
300 Hz. Using the standard induction motor as the load, 
the efficiency of the inverter remains almost constant 
(shown in figure 4.27). When the variable frequency 
model is used as the load the inverter efficiency falls 
at the lower range and peaks at the mid-frequency point 
similarly to the previous type. However at the higher
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end of the frequency range, the efficiency does not 
fall as it does with the previous type. This is 
because this inverter type contains much less harmonic 
content when there are a reduced number of pulses 
per cycle.
4.10 Comparison of Inverters Using Triangular Waveform 
and Load Current as the Reference Signals
As indicated in the two previous Sections, 
these inverters are highly efficient systems. The 
comparison between them can only be justified when 
they are both operating under exactly the same 
conditions ie. both systems are delivering the same 
amount of power into a given load and contain an equal 
number of pulses per cycle. The variable frequency 
model is employed with constant rotor slip as the 
load, and the efficiency and load currents are 
computed. The number of pulses per cycle are kept 
constant at each step of fundamental frequency and are 
both supplied v/ith the same positive and negative power 
rails. The load current of the triangular system is 
slightly higher than that of the other type considered, 
and the differences between them at the lower end of 
the supply frequency range are shown in figure 4.28.
The amplitude of the reference signal should therefore 
be reduced to equal the line currents of both systems 
at low frequency range. This increases the output 
harmonic content as shown in figure!4 .15- However, the 
required amount of reduction in the amplitude of the 
reference signal is very small and has virtually no effect
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on the output efficiency. The efficiency of both 
systems operating under the same conditions are then 
calculated and shown in figure 4.29. Thus, the inverter 
type, using load current as a reference, is marginally 
more efficient. This difference is not a significant 
factor in selecting the type of inverter for the 
majority of applications. The significant factor in 
selecting any technique is the desired complexity of 
circuitry employed.
4.11 Conclusions
The inverters which sense the load current to 
determine the modulation pulses, contain less harmonic 
content at the output and consequently are more efficient 
than the inverters employing the predetermined modulation 
techniques, operating with a given number of pulses per 
cycle. However, the difference in the efficiencies is 
not significantly large. Therefore, when selecting the 
modulation technique, other factors such as the comp­
lexity of the control circuitry, cost and kind of 
application should be considered.
The voltage control of the predetermined modulation 
technique is normally achieved by control of the refer­
ence sine wave amplitude. This increases the proportion 
of harmonic content in the output voltage considerably 
at lower voltages. It also makes the relationship 
between the fundamental voltage amplitude and the 
reference sine wave amplitude non-linear. In order to
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establish a linear relationship and reduce the harmonic 
content at low voltages, the number of pulses per cycle 
should be increased.
The slit width modulation technique compares the 
load current with the reference signal to determine 
the number of pulses per cycle. The magnitude of the 
line current is normally controlled by controlling the 
amplitude of the reference signal. For a given slit 
width the number of pulses per cycle reduces at lower 
voltages of the line currents. This is also similar to 
the predetermined modulation technique which results in 
higher harmonic content. To achieve lower harmonic 
content at lower power levels the slit width should be 
related to the amplitude of the reference signal. In 
this way the number of pulses per cycle can be main­
tained constant and hence the harmonic content.
The frequency control of both techniques is also 
achieved by the control of the reference signal 
frequency.
In the predetermined modulation technique the 
pulse repetition frequency should be related to the 
reference signal frequency. This can ensure constant 
harmonic content at any operating fundamental frequency 
Similarly in the slit width modulation technique, the 
ratio of the slit width to the reference signal ampli­
tude should be reduced, to keep the harmonic content 
constant at higher frequencies. The control circuitry 
required for both techniques appears to involve similar
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complexities to achieve the best results. Therefore, 
inverters sensing the load current to determine the 
modulation frequencies are the most efficient systems 
for controlling the output voltage levels as well as 
the fundamental frequency. The overall efficiencies 
of the machine fed by the inverter systems are not 
considered.
The normal losses in the machine for given 
conditions and fundamental voltages are constant and 
irrespective of the modulation technique employed.
The fundamental voltage amplitudes can be kept constant 
instead of the total inverter output powers. However, 
the ratio of the total output power to the power 
distributed in the harmonic voltages remains constant 
as does the efficiency.
The application of the standard equivalent circuit 
of the induction motor for the determination of additional 
losses results in serious errors. The magnitude of the 
error becomes larger in the power distributed in the 
higher order harmonics. This is because the inductive 
part of the machine's impedance reduces, and the 
resistive part increases, with the order of harmonics. 
Therefore the proportion of power distributed in the 
harmonic voltages increases with the order of the harmo­
nics. The application of the standard equivalent circuit 
is no longer correct for the determination of additional 
losses in the machine due to harmonic frequencies. This
-124-
is one of the advantages of the new equivalent circuit 
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It has been shown that the frequency-dependent 
equivalent circuits of the induction motors can be 
constructed from simple test results. All the changes 
in the equivalent circuit parameters at different 
supply frequencies can therefore be related to the 
output performance characteristics.
In applications with limited speed range require­
ments the effect of the parameter changes with frequency 
are negligible and need not be included in the perform­
ance equations. However, when the changes in the speed 
range requirements are from standstill to well outside 
the design frequency, serious errors, especially in the 
starting data, would result if the parameter variations 
were neglected.
The control circuitry required for precise control 
of the shaft torque must also be related to these 
parameter variations. This can be achieved by determin­
ing the control requirements directly from the frequency 
dependent equivalent circuit of the machine.
The non-linearities of the machine operating above 
the rated applied volts-per-hertz are mainly due to the 
saturation of the machine yoke. This results in a 
reduction in the output torque, particularly at low 
values of motor slip and at high supply frequencies.
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In the linear operating region the machine 
equivalent circuit parameters behave in the same manner 
for both the supply and modulation frequencies. The 
impedance seen across the machine input terminals by 
the modulation frequency can therefore be determined 
directly from the frequency dependent equivalent circuit, 
The changes in the machine impedance have a 
significant effect on the additional harmonic losses 
due to switching frequencies. The exact value of these 
additional losses can therefore be determined and used 
to calculate the efficiency of the system.
The PWM modulation technique which forces the load 
current to follow the reference sine wave signal within 
given boundary limits, produces less harmonic content 
compared with the other techniques operating under the 
same conditions. This kind of modulation technique 
should be considered for applications where the overall 
efficiency of the inverter system feeding induction 
motors is the important factor.
5.2 Suggestions for Further Work
The application of the microprocessor in control 
systems in industry has increased considerably in the 
passed few years. Now it is economically viable to 
consider the facilities offered by this device for the 
design and construction of efficient inverter systems. 
For applications with wide speed range requirements the 
machine characteristic can be programmed into a PROM so
-133-
that the processor unit can determine the modulation 
pulses according to the required data.
The post determined (slit width) modulation 
technique generally forces the load current to follow 
the reference signal in a given band. The width of 
this band is constant irrespective of the amplitude of 
the load current. This results in a reduction in the 
modulation frequency at lower values of the load current 
for a given fundamental frequency and therefore increases 
the output harmonic content. Using the microprocessor 
facilities, the width of the boundary limits can also 
be related to the load current which can produce a 
constant number of pulses over a cycle, irrespective of 
the load current changes. Therefore application of the 
microprocessor technology can increase the efficiency 




A.1.1 Checking the Meter Readings at Different 
Frequencies
The changes in the resistive part of the machine 
impedance with the locked rotor for frequency ranges 
of 50 Hz to 400 Hz are about one ohm. To make sure 
that this increase in resistance is only due to some 
changes in the machine parameters, the following method 
is used to check whether there are any constant or 
frequency dependent errors in the obtained results.
Consider the twb-wattmeter method; this is the 
commonest method of measuring three-phase power; it is 
particularly useful when the load is unbalanced. The 
connections for the measurements of power in the case 
of a star connected three-phase load are shown in 
figure A(l).
L O A D
W 2
Figure A(l) Two-Wattmeter Method of Measuring Three-
Phase Power
—A2 —
The current coils of the wattmeters are connected in 
lines (1) and (3), and their two pressure coils between 
lines (1) and (2) and (3) and (2) respectively.
Figure A (2) gives the vector diagram for the 
load circuit, assuming a balanced load, ie. the load 
current and power factors are the same for all three 
phases.
Figure A (2) Vector Diagram of the Two-Wattmeter Method
^10' ^20 ^30 the vectors representing the phase
voltages and are supposed to be equal, while I^, and 
I2 are vectors representing the line currents. The 
voltages applied to the pressure coil circuits of the
wattmeters are ^32' which are the vector sum
of the phase voltages as shown. Then, total instantan­
eous power in the load
®1^1 ®2^2 ®3^3  (A. 1.1)
“A3 —
where e^ e^ and e^ are the instantaneous phase voltages 
and i^, i^ and i^ are the instantaneous line currents.
Since:
il + + ^3 = 0
ig = -i^-ig --- (A.1.2)
Therefore total instantaneous power 
^1^1 ^ ®2^’‘^ l”^3^ ®3^3
= i^^e^ - e^) + igfe^ - e^) ---(A.1.3)
Now, i^(e^ - e^) is the instantaneous power deflecting 
wattmeter and i^fe^ - e^) is the deflecting watt­
meter . These wattmeters measure I^Ej^2Cos« and 
IgEggCosg r^spectively. Where and 3 are the phase 
angles between and E^^ and between and The
sum of the wattmeter readings thus gives the mean value 
of the total power in the load.
Now oc = 30 - 0
and 3 = 30 + 0
also Ej 2^ = ^32 =
where E is the phase voltage.
Therefore, the sum of the wattmeter readings
W = 3IE Cos(30 + 0) + 3IE Cos(30 - 0)
since = Ig = Ig = I
W = 3IE C o s (30 + 0) + Cos(30 - 0)
= 3IE (2Cos 30 Cos 0)
—A4 —
Therefore + Wg = 3IE Cos 0 --- (A.1.4)
Similarly - Wg = 3IE Sin 0 --- (A.1.5)
Since wattmeters are very expensive and accurate 
instruments, the possibility of obtaining any frequency 
dependent error is very small. So if there is any 
frequency dependent error in the instruments used, it 
would be in the voltmeter or the ammeter. Therefore, on 
the assumption that wattmeters do not introduce any 
frequency dependent errors, the other instrument readings 
can easily be checked by using the following relationship 
at any applied frequency, ie.
(W^ + Wg)^ + 3(W^ - Wg)^ = KgtSlE)^---------(A.1.6)
where E and I are the line voltage and current taken by 
the voltmeter and ammeter, and is the value of the 
error introduced by any of the measuring instruments. 
Therefore:
(W + W )2 + 3(W - W )2
K 2 = — -^----- ■ 3IE ---- —  —  (A-1.7)
The value of remains constant and equal to 1.05 units 
within the operating frequency range. It suggests that 
there is a constant error introduced by one of the 
instruments, but there is no indication of frequency 
dependent error involved in the readings.
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A.1.2 Examination of the Sensitive Phase Meter Readings 
The sensitive phase meter readings for frequencies 
up to 10 kHz are also examined to make sure that there 
are not any serious errors at certain frequencies. This 
is done by producing the complex frequency response of 
a known circuit shown in figure A (3) with values of Rl, 







Figure A (3) Series Parallel RC Network
A similar method of measuring the voltage and phase 
angle across a series resistor is also employed. The 
complex frequency response is plotted in figure A(4). 
Since all the values of the input impedance up to 
frequencies of 10 kHz lie on the expected circular 
diagram shown in figure A(4), this confirms that all 
the readings obtained within that frequency range are 
well within the required accuracy.
—A6 —
A. 2 Part Two
A.2.1 Determination of the Rated Applied Volts-Per-Hertz
The rated line to line voltage is normally the 
maximum value of the voltage just before the machine 
goes into the saturation region. The value of this 
would occur at the knee point of the open circuit 
characteristic curve of the line voltage versus line 
current.
To obtain the various open circuit values of line 
voltage and current, the rotor speed is kept at synch­
ronism by means of another d.c. machine. While the 
rotor is running at synchronous speed, the values of the 
line voltages and their corresponding line currents are 
plotted in figure A(5). This open circuit character­
istic of the machine shows that saturation occurs at a 
line voltage of 61 volts. Since this open circuit 
characteristic is obtained with the supply frequency of 
50 Hz, line voltage should be kept at 1.22 V/Hz for 
the constant flux operation at any supply frequency.
—A7—
A.2.2 Calculations of the Equivalent Circuit Parameters 
Consider the per-phase induction motor equivalent 
circuit shown in figure A(5a).
R o / S
Figure A(5a) Per-Phase Equivalent Circuit
When the motor is running at its synchronous speed the 
value of secondary resistance Rg/S becomes almost 
infinity. Since there is no current flowing in the 
secondary circuit, the total input power must be dissi­
pated in and R^. 
ie.
Therefore o/c  (A.2.1)
hence
= [(Xi 
=[   (A.2.2)
—A8 —
and %  =
o/c
(lo/c)
2 - Rl   (A.2.3)
Since in the locked rotor test, the value of the magnetis­
ing branch is very large compared with rotor circuit para­










(Xi + Xg)^ + (Rl + Rg)^
- (^1 + *2)'
also
=  ^o/c -
and are usually taken to be equal, but the exact 
ratio of X^ and X^ can be obtained from design data. For 
this particular motor under the test,values of X^ and Xg 
equal 2.3 and 1.2 mH respectively. The method used for 




A.3.1 Evaluation of Equivalent RL Network from Frequency 
Response, Using Circle Fit Technique







Figure A (6) Parallel RL Circuit
The impedance across terminals A and B is
RX_ X_ R
Z (AB) = -.5— -— ? + J ■
R^ + X  ^ R^ + X 2
Là Li
 (A.3.1)
substituting X^ into co.L gives:
Z(AB) = - R +J (jo . L   (A.3.2)
The limits of this impedance as the frequency changes 
from zero to infinity are:
Z (AB) = 0
Ü) = R/L Z(AB) = |(1 +J )
W = 0° Z(AB) = R
Therefore as frequency changes from O to infinity the 
locus of Z(AB) on the complex frequency plane lies on a 








Figure A (7) Locus Diagram of Parallel RL Circuit
To determine the diameter of this circle, consider the 
point M in figure A(7). The real and imaginary parts 
of point M are OA and OB respectively.
In triangle DMA we have:





and X ' = 0). L
1 +
In triangle OMC we have
MOSin MCO =
OC   (A.3.4)
-All-
Substituting the value of MO and OC as diameter (d) we 
have:
(XJ^ + R'2)%
Sin MCO = —  ---------- ---(A.3.5)
But
Cos MOA = Sin MCO ---(A.3.6)
Thus equating (A.3.5) and (A.3.6) and solving for d we 
have :
R'^ +
- d ”T .( .3*7)
Once it is certain that the locus diagram belongs to a 
part of the circle, the value of the parallel resistance 
which is equal to the diameter of the circle can easily 
be found from the real and imaginary parts of the 
impedance at any frequency.
A.4 Part Four
A.4.1 Modulation Technique
This technique involves injecting and extracting 
the modulation signal into the main line current which 
is supplying the machine load. Since the object of 
this experiment is to observe the behaviour of the 
machine parameter with respect to modulation frequency, 
the effect of source impedances must be minimised. The
—Al2 —
impedance of the main supply source seen by the modula­
tion frequency is minimised by decoupling all the 
phases with very large capacitors. See figure A(8) .
Source L o a d
Figure A (8) Circuit Diagram of the Modulation Technique
The modulation signal is injected into the line via a 
transformer which has very low secondary impedance. The 
signal is extracted by simply inserting a small resistor 
in series in the same line. The voltage across this 
resistor is then fed into a high input impedance trans­
former as shown in figure A (8) .
In addition, the main supply frequency is fed via 
a phase shifter in anti-phase into another winding of 
the same transformer. The phase and amplitude of this
-A13-
signal is adjusted until the main supply frequency at 
the secondary of the transformer is cancelled out. A 
low pass filter at the transformer secondary output is 
also used to reject the possible supply frequency 
harmonics. The equivalent circuit of figure A (8) for 




Figure A (9) Equivalent Circuit Seen by the Modulation
Signal
The impedance at terminals A and B is:
Z (AB) = Z + Z +  h (Z  + Z )  p s p s
= 2 (2p +  (A. 4.1)
Thus the impedance of one of the phases of the machine is:
Z^ = rZ(AB) - Z p J s   (A.4.2)
where Z^ is the impedance of the large capacitors used
across the mains three phase supply.
—Al4—
The sensitive phase meter is used both to provide 
and to measure the necessary voltages and phase angles 
of the injected and extracted modulation signals. These 
results are then used to find the value of the Z(AB) 
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APPENDIX B
Design Details of the Inertia Machine for Plotting the 
Torque Speed Characteristics of High Speed Induction 
Motors
B .1 Introduction
To investigate the performance characteristics of 
this particular high speed induction machine it is 
necessary to obtain the torque-speed characteristics 
at various supply frequencies. A simple method of 
obtaining these characteristics is to plot the shaft 
torque versus the speed while the machine is accelerat­
ing a given inertia mass from zero to maximum velocity.
A similar machine has already been designed and 
constructed by the University of Bristol for speeds of 
up to 10,000 r.p.m. This machine consists of a standard 
torque transducer type +2/4/AA using the strain gauge 
bridge principle, coupled to an inertia mass and an a.c. 
tachogenerator. The twist in the shaft due to the 
machine torque is then converted proportionately to 
d.c. volts by the transducer during the acceleration 
period. The a.c. tachogenerator also produces an a.c. 
output signal directly proportional to shaft speed, 
which is then converted to a d.c. signal and fed 
together with the transducer output to an X-Y plotter 
unit. This machine is modified to house the induction 
machine under experimentation for plotting the necessary 
characteristics. However due to lack of lubrication
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the modified coupler seized up at 6,000 r.p.m. and 
consequently damaged the torque transducer. Thus it 
was necessary to design a better inertia machine, 
which not only had to be robust, but also had to be 
100% safe through all speeds up to 18,000 r.p.m., the 
speed range of this particular machine. For the 
simplification of bearing design, an a.c. Electrolux 
commutator motor type KS 5832-100 was employed to carry 
the inertia disc. The Electrolux motor designed to 
cope with speeds of up to 20,000 r.p.m., also offers 
additional advantages in that it can be used as a 
variable load, as well as keeping the induction motor 
at synchronous speed if required. In addition, the 
machine shaft carries a slotted disc, which passes 
through an infra red photo cell to produce d.c. pulses 
proportional to shaft speed. These pulses are then 
converted into an analog voltage, representing the rotor 
speed.
The application of transducers used in the load 
shaft to measure the rotor torque is avoided, mainly 
because of the complexities involved in transducer design 
at such high speeds. For reasons of economy the applica­
tion of load cells is not considered either. Instead 
the case of the main drive induction motor is supported 
by means of two additional bearings, such that it can 
rotate in either direction independent of its rotor.
Then it is spring loaded such that if it is turned in 
any direction, it will return to its original position
-B3-
as soon as it is released, as shown in figure B(l). An 
a.c. servo motor is also coupled to the machine case 
which measures degrees of rotation in either direction. 
The a.c. servo motor output signal is converted to d.c. 
voltage representing the angle rotation in analog form. 
The a.c. Electrolux commutator machine which carries 
the inertia disc is coupled to the main induction motor 
by special high speed couplers.
As soon as the three phase supply is switched on
the case of the machine rotates through an angle prop­
ortional to the shaft torque. The angle of rotation 
then follows the shaft torque until the inertia disc 
reaches maximum speed. The analog outputs of the torque 
and speed transducers are then fed to (X) and (Y) inputs 
of an X-Y plotter, to plot the required torque speed 
characteristic.
B.2 Design of the Inertia Disc
In general the total deflection time of X-Y
plotting units are limited within a few hundred milli­
seconds. Therefore the value of the second moment of 
inertia of the disc must be such that it produces an 
acceleration period at least equal or greater than the 
deflection period. The acceleration period of the 
inertia disc from zero to maximum velocity is directly 
proportional to the speed range, and inversely propor­
tional to the shaft torque.
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Therefore by considering the minimum value of the 
shaft torque and the lower speed range, the second moment 
of inertia of the disc is estimated. At maximum speeds 
the shape of the inertia disc has a very important role. 
This is because the frequencies of the transverse 
vibration and whirling speeds are directly related to 
the mass of the disc. Therefore the mass is kept to a 
minimum, without reducing the second moment of inertia, 
in order to achieve higher frequency margins. This is 
done by concentrating the mass mainly on its rim by 
gouging out the centre of the disc.
Because the disc is physically supported by one 
end of the a.c. Electrolux commutator motor, the cutting 
out operation is carried out from one side only and is 
mounted to reduce the distance from the centre of the 
mass to the nearest bearing. This results in an 
increase in the transverse vibration and whirling 
frequencies. Taking all the above conditions into 
consideration, two inertia discs, one for lower speeds 
and one for higher speeds are designed and constructed 
and are shown in figure B(2).
B.3 Transverse Vibrations and Whirling Speeds
However carefully a shaft may be balanced and 
assembled, some out of balance forces due to rotation 
must be present. In rotation, the associated centri­
petal action is supplied by the elastic resistance of 
the shaft, which must therefore have lateral deflection.
—DB­
As a result the deflection form of the shaft "whirls" 
like a skipping rope at the shaft speed. In general 
the radius of whirl is finite, but at particularly 
critical speeds the whirl radius tends to become infini­
tely large. Thus the rate of growth of elastic resist­
ance exactly matches the rate of growth of centripetal
B4action required
Similarly if the shaft is carrying two concentrated 
masses either side of supporting points, a transverse 
vibration will set up along the shaft. If the operating 
frequency coincides with this frequency it will increase 
the oscillation amplitudes and consequently lead to 
failure in the system. If the concentrated masses 
carried on the shaft are assumed to be particles, then 
the critical whirling speeds in radians per second are 
equal to the circular natural frequencies of transverse 
vibrations. Where concentrated masses of considerable 
dimensions are carried, gyroscopic effects appear due to 
the effect of slope. These effects have no counterpart 
in transverse vibrations, but can increase the whirling 
speed considerably. Thus any machine designer must make 
sure that these critical speeds are well outside his 
safety margins,if the critical speed has to lie within 
the operating range under this estimation. The machine 
must always accelerate through this critical speed as 
rapidly as possible.
The necessary calculations and estimations are 
made to ensure that the critical speeds of these parti­
cular discs lie well outside the safety margins
—B6 —
The theory and technique of determining the critical 
frequencies of these inertia discs are derived and 
presented in the following sections.
B.4 The Transverse Vibration of a Beam with Two 
Concentrated Masses
Let us now consider the case of figure B(3a) in
which a massless beam supports concentrated masses m^
and m ^ , at the same instant when the beam is vibrating.
Let the deflection under these masses be y^ and y^ and
let the forces acting on the beam at these points to
cause these deflections be f^  ^ and where m^ and m^
are armature and inertia disc masses respectively and
a, b and c are the respective distances from the bearings
as shown in figure B(3b). The reactions on the masses
will be -f^ and -f^ and we can assume as usual that the
motion is in simple harmonic with a radiancy . So
we can write down these restoring forces as:
-fl = -fg = -"'2V 2  (B.l)
Clearly we can determine y^ and y^ in terms of f^ and
f2 applying the method normally used in strength of
B2 B3
materials ' , and so obtain equations which in
conjunction with those for f^  ^ and fg will enable us to 
determine the quantity .
Resolving vertically we have:
^2 ^^2  (B.2)
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taking moments about point (a) we have
f_.c + R .a = f ,b   (B.3)
2 1
from (B.3) we have:
R^ = (f^.b - fg.ci/a  (B.4)
substituting (B.4) in (B.2) we have:
\  =  ^ —  (B.5)
Now considering the bending moment at a distance x  
from point (b) and taking Young's Modulus as E and the 
second moment of area about the neutral asis as I we get;
a-b<#<a a<#<a+c
2 i
E l . = R .# + f\.[# - (a - b)l + R .r# - a 1
  (B.6)
therefore:
El = -Ry + -^ [a; - (a - b)] - - ^ [ x  - a]
1
+ X + C 2 —  (B.7)
at z = O the deflection y = 0. Therefore Cg = 0.
(Note: for calculation of Ely (a;) substituting the value 
of £c, if inside[ ] it is negative and should be left out,
only positive values should be added) .
—B8”
Also y = O at a: = a, so we have:
f, 3
-g—  +  ^a — (a — b)j + 0  +0 =  -
therefore : V « . 3C l  g g^b  (B.8)
To reduce the long formulas, substituting the actual 
values of a, b and c in equations (B.4) and (B.5) 
we have:
= 0.416 f^ - 0.166 f^   (B.9)
R^ = 0.583 f^ + 1.166 f^   (B.IO)
thus c^ = 810 X 10  ^ f^ - 39 8 X 10  ^ fg
Now substituting values of c^  ^ and c^ in equation (B.7) 
and values of f^ and f^ from equation (B.l) and taking 
a; = a - b for Ely^ and x  =  a. +  c for Ely^f the system 
equations become:
Ely^ X 10^ = 30.14m^(o^y^ - 15.95m2W^y2  (B.ll)
EIy2 X 10^ = -15.95m^w^y^ + 16.132Co^y2  (B.12)
- B a ­
in matrix form we have:
(30.14m, 0)2 1^2
- El X 10 ) -15.95m^w 22^n
— 15.9 5m,w 1 n (16.
- El X 10 )
= O
The transverse vibration resonance frequency occurs
when the coefficient matrix of becomes zero.
2 3 8 .4 5m j^ m^  (1)2 03^(16.13m2 + 30.14m^)EI x 10^ + E^I^ x 10^
  (B.13)
Substituting values of the armature,high speed inertia
disc masses (m^ = 0.8575 kg, m 2 = 2.205, El of shaft = 
2
21.46 7 g Nm ) and solving equation (B.13) for we
have :
(jo = 1.986 K rad/sec ^ 317.7 Hz ^ 25062 r.p.m. 
^1
0) = 4.96 K rad/sec ^ 790 Hz ^ 47400 r.p.m.
^^ 2
The safety margin between the lower resonance frequency 
and the maximum operating frequency does not appear to be 
very large, but in fact the armature mass is uniformly 
distributed along the shaft, and is not concentrated
-Blo­
at one point. This increases the shaft stiffness even 
further and, hence, the natural vibration frequencies.




C OS 0 * ^
m = 2 . 205 kg 
b = 6.63 cm 
a = 2.85 cm
Figure B (4)
 ^ = 11.43 cm 
2 = 1.905 cm 
d = 1.2 cm I = m.
yy
3b^ + a^ 
12
(2nd moment of inertia in x axis) = 5766.82 x lo^ kg m^
(2nd moment of inertia in y axis) = 3029.3 kg m'
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If the rotational speed of the shaft is w, the angular
momentums along the polar axis are wl Sine and wl Cosi  ^ ^ yy XX
Resolving these vectors along the direction of w and 
perpendicular to w we have:
H = (I Cos0Sin0)tJ - (I Sin0Cos0)üO n X X  yy
H — w ( I — I )Sin0Cos0 -(B.14)
n XX YY
But M = -H - - (I - I ) (jücÛT Cose Sine 
n 1 X X  yy 1
for small values of 0 , Cose ~ 1 and Sine % 0
Thus M % -(I - I  ) (00)^ 0 XX yy 1
hence at whirling speeds w =
2
therefore (I - I )w 0   (B.15)XX yy
The equations of deflection and slope at the end of the 
shaft are in general:
y =
f.L2i +
where is the maximum deflection at the end of the
shaft due to force f,
is the maximum deflection at the end of the
shaft due to moment M,
is the maximum slope at the end of the shaft
due to force f ,
L^2 is the maximum slope at the end of the shaft due
to moment M,
2
and f = m.w .y.
—B12 —
B.5.1 Determination of
The deflection at the end of the shaft due to
jr r B.4force f , is:
i l
y = f. 3EI^
where I is the second moment of inertia of the shaft s
and E is the elastic modulus.
Now if point A was free to deflect, the deflection
H'2where f ' =




thus the reflected deflection
^2 ^2 i 1
^4
where I = the second moment of area =s 64
2
and E = elasticity modulus = 21.467 x g Nm .
Therefore the total deflection at the end of the shaft due
to force f is: .2








The deflection y due to moment M, applying Castigliano's* 
first theorem is;










M 2 / 3  + il/ 2
El —  (B.17)
* The displacement corresponding to any f ,  say, of a 
system of forces can be found by forming
an expression for the total elastic strain energy in 
terms of the forces, and taking its partial differential 





2/1^2 + 3^2 
6EI  (B.18)
Also the slope at the end of the shaft is in general, 
when substituting the value of y from equation (B.17):
r  6EI
but




^12 ^21 6ÊÏ   (B.19)
B.5.3 Determination of L22
Applying Castigliano's first theorem for the slope due 















now the system equations become:
y = 3EI •[^2 - El (IXX yyI 0) 0
4 4 / 3  + d / 2
M.w.y -
■4 / 3  + ^2"
El Els s




4 /2/3 + 1^ /2
El (^ x x ^yy)^
=0
2
El 0) — 1 + 21'- - I \ (1)2XX yyj
when y = 0 = O the system is stable, but when y / 0 ^  0 ,  
the system equations are satisfied only if we have:
^ ~ 31 E^^2 s XX yy
(:
'44 + il
El )(Ixx - V “' 4 4 / 3 + / ‘ /2 2  'M.wEl
substituting the values and simplifying we have:
-  5 6 . 8 ( 0 ^  X  10^ - 10^^ = O  (B.21)
—Bl6 —
This equation has one positive solution only, 
ie. ~ 7545 rad/sec
or f = 1200 Hz
or 64,OOOjr.p.m.
Thus gyroscopic effect has increased the critical 
frequency considerably.
B .6 The Torque Transducer
The stator frame of the main drive induction motor 
is coupled to a 400 Hz a.c. servo motor. The rotor 
winding of the servomotor and R^ are used as the 
field winding and is supplied with a constant amplitude 
and frequency from a 400 Hz oscillator. The stator of 
the a.c. servo motor carries three-phase windings two 
of which and are used to produce a signal, which 
varies in amplitude according to its position with respect 
to rotor winding. Thus, the servomotor position is set 
such that the stator output signal of these particular 
phases is zero when the main drive induction motor is 
stationary. When the induction motor is driving the 
load, its case rotates through an angle whose value 
depends on the shaft torque and stiffness of the counter 
balanced springs. The stiffness of springs being constant, 
the angle of rotation is exactly proportional to the 
shaft torque. To obtain a linear relationship between 
the torque and servo output, an additional phase recti­
fier circuit is designed which samples the servo a.c.
—Bl7 —
output in the linear region of the sine wave and stores 
it in the form of an analog signal. These narrow samp­
ling pulses are produced everytime 400 Hz a.c. sine 
wave rises above the zero volts, ie. at the beginning 
of each cycle. The phase rectifier and sampling circuit 
is shown in figure B(5).
The amplitude of the a.c. servomotor output signal
is dependent on the amplitude of the 400 Hz oscillator
which energises the field winding. Therefore to obtain
accurate results, the oscillator circuit must be stable
in amplitude and frequency. A standard Wien bridge 
B 7oscillator ’ shown in figure B(6a) is constructed.
To find its temperature stability, a series of experi­
ments are carried out and its voltage variations with 
temperature are shown by circles in figure B(7). Then 
the oscillator circuit is modified to produce a better 
degree of temperature stability and its output response 
is shown by a continuous line in figure B(7). This is 
done by simply adding the necessary compensating 
components in the feedback loop, and the resultant 
circuit diagram is shown in figure B(6b ) .
The frame of the induction motor is rotated 
through angles from -110° to +110^ C, and the corres­
ponding transducer d.c. output signals are plotted with 
oscillator outputs of 1, 2 and 3 volts as shown in 
figure B(8). The stiffness of the counter balance springs 
are chosen to give one degree of angular rotation for 
0.14 Nm of the shaft torque. Choosing an oscillating
—Bl8“
output of 2 volts r.m.s. produces linear outputs in a 
range of ±40 degrees of angular rotation. This requires 
a shaft torque of 5.6 Nm which is greater than the rated 
value of this particular machine. Thus the oscillator 
output voltage is set for 2 volts r.m.s. throughout all 
the experiments.
In addition a simple rectifier circuit is built 
to convert one of the mains supply phases to a d.c. 
signal, to plot the changes in supply voltage during 
starting. The rectifier transfer characteristic is also 
checked for linear results during all experiments.
B .7 Digital Tacho Design
In order to produce an analog signal proportional 
to the rotor speed, a slotted disc is mounted on the 
rotor shaft which interrupts a light beam on a photo­
transistor on the other side of the disc. This produces 
pulses proportional to the rotor speed which are then 
sharpened by a Schmitt trigger device and divided by two 
to obtain equal space ratios by a JK flip-flop. To fix 
the amplitudes of these pulses the JK flip-flop output 
is then applied to a high gain operational amplifier 
whose feedback loop contains two 10 volt zener diodes 
connected back to back. An integrator circuit is then 
used to convert these pulses to an analog signal whose 
time constant components R.C, are determined from the 
relation = V^^.F.R.C, where and F are the amplitude
-B19-
and frequency of the corresponding pulses and is the 
amplifier output. The final circuit diagram is shown 
in figure B (9).
To achieve smooth analog output signals at low 
speeds, the number of slots on the disc are chosen as 
large as possible. Thus when considering maximum and 
minimum speeds a disc with 20 slots is employed. The 
machine speed is then varied from zero up to 18,000 r.p.m. 
and all the corresponding values of the analog signals 
are monitored for any indication of non-linearities 
through all the speed ranges of the experiments and are 
plotted in figure B(10).
The Q ^ i o  Spares package voltage regulators are 
used to provide the necessary power supplies.
B .8 Results and Conclusions
The inertia machine was tested several times 
through different speeds. There was no sign of vibra­
tions at any speeds to indicate the existence of any 
critical frequency within the operating range.
The torque transducer gave oscillatory responses 
at starting instances. These could have been reduced 
by introducing a dashpot in conjunction with the counter 
balance springs. But this would have produced sluggish 
responses during starting. Instead the inertia machine 
was speeded up in the opposite direction to that of 
the induction motor direction of rotation by means of 
the a.c. commutator motor. Then the three-phase supply
-B20-
was switched across the induction motor terminals 
immediately after the commutator motor was switched off. 
Thus the transient response of the torque transducer 
occurred when the inertia machine was switched from a 
reverse to a forward direction. The X-Y plotter was 
switched on at the instant of change of direction.
This reverse starting is used for plotting all the 
required torque speed characteristics. Torque speed 
characteristics shown in figures B(ll) to B(31) are 
plotted with supply frequencies from 10 Hz up through 
100 Hz in steps of 10 Hz, and from 100 Hz to 320 Hz 
inclusive in steps of 20 Hz. In addition at each step 
of the operation, the machine terminal voltage is kept 
at the following volts per hertz: 1.34, 1.24, 1.16, 1.1, 
1.00, 0.908 (110%, 100%, 97%, 91%, 83%, 75%).
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